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ABSTRACT 

The analytical investigation of dynamic stiffness matrix for the rectangular plate with cutout using classical 

plate theory give the accurate result for the dynamic analysis of structure. The analytical formulation has been 

done by Hamilton’s principle, using with classical plate theory. The effect of size and location of the area of 

cutout, displacement field and boundary condition presented for the isotropic rectangular plate. Dynamic 

stiffness formulation gives significant saving in computer time in comparison to other conventional method. The 

natural frequency of rectangular plate with cutout is discussed with the help of Wittrick-Williams algorithm.  

 

Keywords — Classical plate theory, central rectangular cutout, dynamic stiffness formulation, Wittrick-

Williams algorithm. 

 

I. INTRODUCTION 

The analytical determination of dynamic stiffness matrix in the frequency domain for rectangular plate with 

cutouts using classical plate theory provides the accurate analysis. The element of the dynamic stiffness is 

straightforward for prismatic members and for the non-prismatic members the solution is obtained for the very 

simple cases but for the sophisticated models it is impossible to obtain. 

The various part of mechanical structure is modelled with the help of finite element method (FEM). FEM is the 

more accurate and versatile tool that can be used for examine the structure with complex geometry [1]. The 

finite element method is approximated method but give exact solution when number of element increasing in 

structure [2]. The dynamic stiffness method which gives the exact result that is independent of the number of 

element use in analysis [3-4]. Some numerous results have been found out for DSM for plate structure [5] and 

also for composite beams [6]. The dynamic stiffness matrix first developed by Wittrick and Williams algorithm 

[7]  using classical plate theory and that time this was the significant achievement for plate which is the two 

opposite side must be simply supported.  A finite element method is a popular method which is developed of 
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isotropic and anisotropic plate, beam and other elements and the dynamic formulation for isotropic and 

anisotropic are investigated since 1970s [8-9]. The application of dynamic stiffness matrix (DSM) in free and 

force vibration analysis gives the significant solution for complex structure and the element of dynamic stiffness 

matrix assembled as the finite element method [3,10]. The main advantage of using dynamic stiffness 

formulation in the analysis of mechanical structure is that if the number of elements used in model then each 

number can be minimize without affecting the accuracy of the solution and it is also applicable for frequency 

analysis [11]. The main objective of this work is to develop the dynamic stiffness matrix for rectangular plate 

with cutout using classical plate theory which is unnoticed in the earlier works till now [12-14]. The in plane 

DSM, along with the out of plane is an important requirement to obtain dynamic stiffness matrix that can be 

used to obtain natural frequency and mode shape for complex structure such as aircraft, marine [15]. 

         The procedure of this paper is simple and effective to develop the dynamic stiffness matrix is presented for 

the rectangular plate with cutout using CPT. The main advantage of formulation of dynamic stiffness method is 

to minimize the computational time without affecting the accuracy of result. 

 

II. MATHEMATICAL MODELLING 

2.1. Some basic formulation 

Consider a rectangular plate of length a, width b and thickness h and size of central cutout is length   and width 

(Fig. 1) and (Fig. 2). The CPT is based on the displacement components of the plate given as:  

 
 

Fig.1. Geometric configuration of rectangular plate with 

central cutout 

Fig. 2. Notations and  co-ordinate system for 

displacements for a plate 

 

, ,                                                    

(1) 

In the formulation of dynamic stiffness matrix the Hamilton’s principle is used because the direct approach of 

this method is provide the natural boundary conditions as well as governing equation.  

2.1.1. Strain energy 

Strain energy for plate is given by, 
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(2)  Strain energy of plate with central cutout = strain energy of plate – strain energy of cutout 

         

                                                                                      

(3) where,  ,       ,                                                                                                          

2.1.2. Kinetic energy 

Kinetic energy of plate is given by, 

                                                                                                           

(5) 

   where,      

Kinetic energy of plate with central cutout = kinetic energy of plate – kinetic energy of cutout 

 

         

                                                                                                     

(6) 

After derive the equations of strain and kinetic energy for the rectangular plate with central cutout then applying 

the Hamilton’s principle and integration by parts and divergence theorem, we get above expression of governing 

differential equations and boundary conditions of the plate written as (briefly explain) : 

By applying Hamilton principle,  

              

                                                                                                                       

(7) 

Boundary conditions are: 

                                                   

(8) 

where , is the bending and flexural stiffness, h is the plate 

thickness, , E is young modulus and  is the density of plate material. All derivations in 

this paper are required to develop the dynamic stiffness matrix of plate based on classical plate theory.  
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III. DYNAMIC STIFFNESS DEVELOPMENT 

When we develop the dynamic stiffness matrix for the rectangular plate with central cutout, the first step to 

solve the governing differential equation. The solution which is given in the following term (Assumed): 

                                                                                                                                

(9) 

By substituting eq. (x) in eq. (y), the following differential equation is derived (fourth order): 

                                                                

(10) 

The above auxiliary equation is solving using (trial solution) the standard procedure and determine the roots. 

Two solutions of the differential equation are possible according to the nature of the roots. 

Case 1.       all roots are real (  

,                 ,        

(11) The solution is: 

                                                      

(12) Case 2.       two real and two imaginary root (  

,                 ,     

(13) The solution is: 

                                                            

(14)  The analytical formulation of dynamic stiffness matrix for the first case is given below and similar 

procedure follows for the second case. 

 

 

 

The boundary conditions for displacement and force are: 
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(18)  

 Now the boundary conditions and displacement field and force are applied to obtain the value of C vector in 

order to obtained force displacement relationship and the boundary conditions is given as: 

                                                                                                                                                                      

(19) Where is displacement vector corresponding to nodal displacement and B is the squire matrix obtained 

when boundary conditions for displacement are applied. 

The boundary conditions for force are applied then the following eqs. To give constant vector C in similar 

manner 

                                                                                                                                                                      

(20) Where F is the force vector and D is the frequency dependent squire matrix. When be eliminated the 

constant vector C from eqs. (19) and (20) then following eqs. To give  

                                                                                  

                                                                                                                                               

(21) Where  

                                                                                                                                                                 

(22) And K is the required dynamic stiffness matrix which is given as: 

 

                                                                                                         

(23) 

 

The dynamic stiffness matrix obtained for rectangular plate with cutout using classical plate theory is 4×4 order 

with six terms which describe the effect of shear force and bending moment due to displacement and hear S 

stand for same nodal line and F for far nodal line. 

 

3.1 Wittirick- Williams Algorithm 

The main features of the algorithm are discussed in reference [7]. This algorithm provide information about 

clamped- clamped natural frequency of the constituent member of the plate and it needs the overall dynamic 

stiffness matrix for the final structure. The Wittrick-Williams algorithm essentially gives the number of 

eigenvalue of a present problem that exists below an arbitrarily trial frequency.  The dynamic stiffness matrix is 

developed for the rectangular plate with cutouts and exact eigenvalue is obtained by using the Wittrick-Williams 

algorithm. 
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IV. CONCLUSION 

The dynamic stiffness matrix for rectangular plate with cutout element has been developed using classical plate 

theory. The dynamic stiffness elements are used to investigation of the free vibration and frequency of the 

structure. When the dynamic stiffness matrix for the structure is developed the eigenvalue is obtain by using the 

Wittrick-Williams algorithm. The analytical formulation of dynamic stiffness matrix is an efficient method used 

to obtain the exact result for dynamic behavior of rectangular plate with central cutouts as compare to other 

conventional methods. The dynamic stiffness matrix presented in this paper in the sense of formulas and these 

formulas can be used to other structures which has same number of nodal degree of freedom.  
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