International Journal of Advanced Technology in Engineering and Science g
Vol. No.7, Issue No. 02, February 2019 ij ates
www.ijates.com ISSN 2348 - 7550

COMMON FIXED POINTS OF COMPATIBLE MAPS
IN PROBABILISTIC 2-METRIC SPACE

Arihant Jain', V. K. Gupta® and Rajesh Kumar?

'School of Studies in Mathematics, Vikram University, Ujjain (M.P.) (India)

Department of Mathematics, Govt. Madhav Science P.G. College, Ujjain (M.P.) (India)

ABSTRACT

In this paper, the concept of compatibility of type (A) in probabilistic 2-metric space has been
applied to prove a common fixed point theorem for four mappings. Our result generalizes and
extends the result of Singh and Chauhan [9].
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1. Introduction.

The concept of probabilistic metric space was initially investigated by Menger [6] as a hew way to
represent vagueness in everyday life. Subsequently, it was developed extensively by many authors and used in
various fields. To use this concept in Topology and Analysis, several researchers have defined probabilistic
metric (PM) space in various ways.

In this paper, we deal with the PM space defined by Schweizer and Sklar [8] and modified by Mishra
[7], Singh and Jain [10]. Jungck [3,4] gave the more generalized concept compatibility than commutativity and
weak commutativity in metric space and proved common fixed point theorems. Jungck et. al. [5] proposed the
concept of compatible maps of type (A) in Menger space and gave some fixed point theorems. Recently, using
the concept of compatible mappings of type (A), Jain et. al. [1, 2] proved some interesting fixed point theorems
in Menger space.

In this paper a fixed point theorem for four self maps has been proved using the concept of compatible
maps of type (A) which generalizes and extends the result of Singh and Chauhan [9].

2. Preliminaries.

Throughout this paper, we use symbols and basic definitions of Jain and Singh [1].

Definition 2.1. [7] A mapping F: R —> R* is called a distribution if it is non-decreasing left continuous with
inf{F()|teR}=0 and sup{F@®)|teR}=1

We shall denote by L the set of all distribution functions while H will always denote the specific

distribution function defined by
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0, t<o0
H(t) = :
1, t>0

Definition 2.2. [11] A probabilistic 2-metric space (2-PM space) is an ordered pair
(X, F) where X is an abstract set and F is a function defined on X x X x X into L, the collection of all

distribution functions. The value of Fat (X, y, z) € X x X x X is generally represented by F or F(x, Y, 2).

X,Y,Z
The distribution function F(x, y, z) satisfy the following conditions :
1) F(x,y,2;0) =0,
2) For all distinct x, y in X there exists a point z in X such that
F(x,y, w; t) <1 forsomet>0.
3 F(x,y,z;t)=1forall t> 0 if and only if at least two of the three points are equal.
(4) Fx. Yy, z;t) = F(X, 2, y;1) = F(y, z, x; t) (Symmetry)
F(X Y, 2,5t +ty +tg) = 1.
Definition 2.3. [11] The mapping t : [0, 1] x [0, 1] x [0, 1] — [0, 1] is a t-norm if t satisfies the following
conditions :
1) t(x,1,1)=x, t0,0,0)=0;
) tx,y,2)=tx, 2,y) =T(z, ¥, X) ;
(3) (X1, Y1, 21) 2 (X, Y9, 29) for Xq 2 X9, Y1 2Yp, 21225}

(4) t(t(x, y, 2), p,a) =t t(y, z, p), @) = t(x, y, t(z, p, Q).
Definition 2.4. [11] A Menger probabilistic 2-metric space is a triplet (X, F, t) where
(X, F) is a 2-PM space and t is a t-norm satisfying the following triangle inequality :

forall x,y,z,p e Xandtq, ty, t32 0.
Definition 2.5. [11] A sequence {X,} in a 2-Menger space (X, F, t) is said to converge to a point x € X if for

each ¢ > 0 and A > 0 there exists a positive integer M(g,A) such that
F(Xq x,a,€) >1- 2, foralla e Xandnz2 M, 1).

The sequence {x} converges to x if and only if
F(x, X a; ) =H(t) foralla,
where H is the distribution function defined as above.

Definition 2.6. [11] A sequence {X,} in a 2-Menger space (X, F, t) is said to be Cauchy if, for each £ > 0 and

A > 0 there exists a positive integer M(g, A) such that

F(X X & €) > 1 -2, foralla e Xand n, m> Mg, 2).
Lemma 2.1. [11] Let {x,,} be a sequence in a 2-Menger space (X, F, t) where t is continuous and satisfies t(x,

X, X) > x forall x € (0, 1). If there exists a positive number h < 1 such that
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F(Xn+1: X & hu) > F(X, X u), n=1,2,3, ...
foralla e Xandu >0 then {X,} is a Cauchy sequence in X.

Definition 2.7. [10] Self mappings A and S of a Menger probabilistic 2-metric space

(X, F, t) are said to be compatible if FAan, SAXp, a(¥) > 1foralla e X, x>0, whenever {x,} is a sequence

in X such that Axn, an — uforsome uin X, asn — .

Definition 2.7. [1] Self maps S and T of a Menger probabilistic 2-metric space (X, F, t) are said to be
compatible of type (A) if FSTxn, TTX, @ xX) > 1land FTan, SSxp, a(X) > 1forall x >0, whenever {x,} is a

sequence in X such that Sx,,, Tx, — u for some uin X, as n — oo.

Proposition 2.2. [1] Let S and T be compatible maps type of (A), self maps of a Menger space X, let

an, Txn—> u for some u in X. Then
€)] TSxp, — Su if S is continuous.

(b) STu=TSuand Su="Tuif Sand T are continuous.

Proposition 2.3. [1] If S and T are compatible self maps of a Menger space (X, F, t) where t is continuous and

t(x, x) > x for all x € [0, 1] and Sx,, Tx,, — u for some u in X. Then TSx,, — u provided S is continuous.

Proposition 2.4. [1] If Sand T are continuous and compatible self maps of a Menger space (X, F, t) where t is

continuous and t(x, x) > x for all x € [0, 1]. Then S and T are compatible maps of type (A).

Proposition 2.5. [1] Let S and T be compatible maps of type (A), self maps of a Menger space (X, F, t), where t

is continuous and t(x, X) > x for all x € [0, 1]. If one of S and T is continuous then S and T are compatible.

Proposition 2.6. [1] Let S and T be compatible maps of type (A), self maps of Menger space X and Su = Tu for
some uin X then STu=TSu=SSu=TTu.

Lemma 2.1. [10] Let ¢ : [0, ) — [0, o) be strictly increasing left continuous function such that ¢(0) = 0,

!Lrg o(t) =+ and Zod)n (t) <o forallt>0.

Define function ¥ : [0, «<) — [0, =) by

P(0)=0 and ¥()=inf{s>0:f(s)>t} t>0. Then
() o) < tforallt > 0,
(i)  O(PM) < t and y(p(t) =t forall t>0,

(i) P >1forallt>0,

(iv) lim ¥"(t) = +0 forall t> 0.
n—owo
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Lemma 2.2. [10] ¥ : [0, ©) — [0, «) is continuous and non-decreasing function, where ¥ is defined as in

Lemma 2.1.

Lemma 2.3. [10] Let {y,} be a sequence in a Menger space (X, F, min) and the function ‘¥ defined as in

Lemma 2.1 such that forall x >0andn € N,
n
Fyn' yn+1(x) > FVO! yl(‘l’ (x)).

Then {y,} is a Cauchy sequence in X.
3. MAIN RESULT.
Theorem 3.1. Let A, B, S and T be self mappings of a complete probabilistic 2-metric space (X, F, *) with
continuous t-norm * defined by a * b = min{a, b}, a, b € [0, 1], satisfying the following conditions:
31  AX)c T(X), B(X) = S(X);
(3.2) Oneof A, B, SandT is continuous;
(3.3) (A, S)and (B, T) are pairs of compatible maps of type (A);
(3.4) FAp,Bq,a(¢(X)) >min {FSp,Tq,a(X)’ FBq,Tq,a(X)' FSp,Ap,a(X)' FAp,Tq,a(aX)' FBq, Sp,a«z -a)xX)},
forallp,q e X, x>0, a < (0, 2) where ¢ is defined as in Lemma 2.1.
Then A, B, S and T have a unique common fixed point in X.

Proof. In virtue of condition (3.1), we construct a sequence {y,} in X such that
Yon-1 = AXon-2 = TXon.1 5
Yo =BXopn1 =SXop: N=1,23, ...
Using (3.4) and Lemma 2.1, we have

Fy2n+1'y2n+2'a(x) = FAXZn, BX2n+l,a(¢(\P(X)))

vV

= Min{Fay,  Txoneg, a0 Fxo 1 Txoneg,al VOO
I:SXZn, Ax2n,a(\y(x))y FAXZnn TX2n+1’a(oc‘P(x)),
FBxone1, Sxopal(2 - ¥ ()}

Let B e (0,1)and put B =1 - a, we get

x) = min{F

F P(x).F ¥
Yon+1: Y2n+2:2 Yo Yone 18T OV Fyo o yon g 2T 0D,

Fyan ane 120D Fyo 1, yoneg allt B FEA).
Fy2n+2’ Y2n:2 ((+B) ¥ 09}
> min{FVZn: y2n+1,a(‘P(X))' Fy2n+1: Y2n+2,a(‘P(X))’

min{FVan YZn+1’a(W(X))’ FYan+1, YZn+2’a(BlP(X))}'

Making p — 1,we get
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a() = min{F

Fy2n+1' y2n+2’ Yan an.,.l,a(‘P(X)), Fy2n+1l y2n+2'a(\P(X))}'

Similarly,

FY2n+2y Y2n+3: a(X) = mln{Fy2n+1. YZn+2,a(\P(X))’ Fy2n+2, YZn+3,a(‘P(X»}'

In general,
Py ypega® = mindFy oy a(P00)Fy g (P00}
> minFy g oY) Fy g o(P200)}
>
2 mingFy Ly (PO Fy o A(PTO0))
By Lemma 2.1,

¥2(x)> ¥(x) and Fx’y’a(‘PZ(x))zny AYO).

Letting r — oo, we have F ¥I(x)) > 1, yields

Yni Yn+1'a(
n
Fyn’ yn+1la(X) = Fyn_l, yn,a(\P(X)) z 2 Fyo7 y17a(‘P (X))
Therefore by Lemma 2.3, {y,,} is a Cauchy sequence in X.

By completeness of X, {y,} and also its subsequences {Axy}, {BXopn_ 1} {Sxop} and {Tx5, 1}

converge to some z in X.

Suppose that T is continuous then TTx,, 1, TBXp,_q —> Tz. Since B, T are compatible of type (A),
then by Proposition 2.2, BTXp_1 = Tz.
Using (3.4), we have

FAXZn_l, BTXZn_l,a(X) 2 min {FSXZn_Z, T2X2n_1,a(\y(x))l FBTX2n-1'T2X2n-1va(\P(X))7
2
Fsxon-2. Axon.. PN Faxoy o T xon.1,a(¢ P X)),

FBTxop.1, Sxon., al@ - D¥().
Letting n — oo and making a. — 1, we obtain
Fz,7z2,a%) 2 Fz 17, a(Y(X)-

Inductively, we have

F2. 72,40 2 Fz 122(Y()) 2 F; 14 a(‘PZ(X))

%

> . 2 F, 1, ¥'00) > 1 asr— oo, yields

Tz = z.
Similarly,
Bz= z

Since B(X) < S(X), there exists point u in X such that
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z = Bz = Su.
Again using (3.4), we have
Fau, z,a® = Fay, Bz, a®
min {Fz' Z, a(y(x))’ FZ, Z, a(y(x))v FZ, AU, a(y(x))v

Fau 2 a@Y(). F5 5 2(@- 0)Y()}.

\

Making oo —> 1, we get
FAu, 2, a®) = FAu, z, a(Y(x)),  vields

Au = z
Since A, S are compatible of type (A) and z = Au = Su, by Proposition 2.6,

Az = ASu = SAU = Sz.
Using (3.4), we have

Faz, z,a®) = Faz Bz, a®

min {FAZ, Z, a(‘P(X))l FZ, Z, a(‘II(X))l FAZ, AZ, a(‘P(X)),

Faz 2, a(@¥ (X)), F; Az a((2 - )¥ ()}

[\

Making o« — 1, we get
FAz, 7, a¥) = FAz, z, a(Y(x)), yields
Az = z
Therefore,
Az = Bz = Sz = Tz = z
Now for uniqueness of z, let z' be another common fixed point of A, B, Sand T then from (3.4), we
have
Fz.2.a0 = Faz Bz, a®)
min {FZ' Z" a (LP(X))l Fz', ZI, a(\P(X)), FZ, Z, a(\P(X))y

F, 2 al0¥(), Fz 5 o((2- 0) ¥(x)}-

\2

Making oo — 1, we get
F 2 a® = F, 2 a(¥(x), yields
z= 17"
This completes the proof.
As a corollary of theorem 3.1, we obtain the following result.
Corollary 3.1. Let A, B,Sand T be self mappings of a complete Menger space (X, F, min) satisfying (3.1),
(3.4) and
(3.5) SandT are continuous.
(3.6) (A, S)and (B, T) are pairs of compatible maps,

Then the conclusion of theorem 2.2.1 holds.
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Proof. From (3.5) if S and T are continuous they by Proposition 2.4, (3.6) implies (3.3). Hence the proof of the
corollary.
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