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Abstract 

In this study, we investigate the biodiversity of a peculiar three-species ecosystem in great 

detail using Ammensal- EnemyHost- Commensal (AEC) species. These species have varying 

rates that are proportionate to the sizes of their respective populations. The present study 

focuses primarily on an examination of the existence of local stability. During the course of 

this research, stochastic analysis is also looked into for this ecological model, and at the end, 

some useful outcomes have been established as a result of this investigation. 
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1. Introduction: 

 Mathematical models evolved into practical biological instruments. Models are developed in 

an acceptable manner and put to use in order to shed light on the interactions that take place 

between the physical components and the mechanism that lies beneath the system that is being 

investigated. In the process of designing experiments and analyzing data, the interaction that 

develops between the empirical research and the theoretical model could prove to be an 
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essential component. K.V.L.N.Acharyulu & N.Ch. Pattabhi Ramacharyulu et al [2-9]. 

investigated the local equilibrium and global stability of many conceptual models of ecology 

with regards to intercultural aspects. In the field of computational ecological science, the 

majority of researchers [1,18] and numerous mathematicians [10-17] have contributed 

significant insights, helpful concepts, and exciting applications to the study of the behavior of 

various ecological models. 

A biological culture that remains in a state that is more or less constant for a period of time that 

is sufficiently lengthy should have the natural ability to tolerate hazards that arise from the 

atmosphere in abundance. The capacity of an ecosystem to maintain this state is typically 

referred to as system stability. If the number of species that make up a group stays the same 

over a sufficiently long period of time, then that group is thought to be stable. On the other 

hand, there is a sophisticated theory of mathematical stability that does not deal with actual 

items but rather with mathematical models of those objects (and it has a wide variety of 

applications in the fields of science and engineering). Therefore, if we have an accurate model 

of the environment that is expressed in terms of differential equations, then the conventional 

approaches to equilibrium theory will be able to determine the steadiness of the natural society 

based on our model. In a broad sense, equilibrium refers to particular solutions that a system 

of equations can provide. If the model trajectories in the process are stable, then it's possible to 

assume that the group or environment is stable as well. 

2 Notations Adapted for use with three different species: 

Within this ecosystem, the population strength of Ammesnal species is denoted by the value 

N1(t), which is calculated using the normal rate of growth a1.With a normal rate of growth  of 

a2, N2(t) represents the population density of the EnemyHost at the given time. The Population 

density of the Commensal Species is Denoted by the Parameter N3(t), Which Corresponds to 

the normal rate of growth a3. aii   refers to the rate of decline of Ni resulting from insufficient 

Ni resources where i =1,2,3.a12 can be interpreted as the rate of decrease of the Ammesnal (N1) 

that is caused by inhibition by the EnemyHost (N2). The rate of expansion of the commensal 

due to its effective attacks on the Ammesnal species (N1) is shown by the symbol a31.Ki(=ai/aii) 

is a representation of the carrying capabilities of Ni, where i = 1, 2, 3, respectively. The 

expression P(=a12/a11) is the representation of the Prey-Ammesnal suffering rate's co-efficient. 

The commensal coefficient, denoted by Q (=a31/a33), is presented here. 
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It is presumed that none of these variables or parameters under consideration have a negative 

value. 

3 .Basic Equations: 

 The basic equations of a specific ecosystem for multi-evolving three species with 

Ammensal, Enemy host, and Commensal species are described as follows in non-linear 

ordinary differential equations:  

(i) The equations of growth rate for Ammensal species (N1): 

  1
11 1 1 1 1 2

dN
(1 )     

dt
a N m K N PN         (3.1)  

(ii) The equations of growth rate for EnemyHost species (N2): 

  2
22 2 2 2 2

dN
(1 )

dt
a N m K N         (3.2) 

(iii) The equations of growth rate for Commensal species (N3): 

  3
33 3 3 3 3 2

dN
(1 )

dt
a N m K N QN          (3.3)  

All possible equilibrium points  *

1 2 3E N ,N ,N are  

(i) 
1 2 3N =0; N =0; N =0

 
(ii) 

1 1 1 2 3N =(1 ) ; N =0; N =0m K
 

(iii) 
1 2 2 2 3N =0 ; N =(1 ) ; N =0m K

 
(iv) 

1 2 3 3 3N =0; N =0; N =(1 )m K
 

(v)   
1 1 1 2 2 2 2 2 3N =(1 ) (1 ) ; N =(1 ) ; N = 0 m K m PK m K   

 

1 1 2 2where (1 ) (1 )m K m PK  

 
(vi) 

1 1 1 2 3 3 3N =(1 )K ; N =0 N =(1 )Km m 
 

(vii) 
1 2 2 2 3 3 3 2 2N =0; N = (1 ) ; N =(1 ) (1 )m K m K m QK   

 

3 3 2 2(1 ) (1 )where m K m QK  

 
(viii) 

1 1 1 2 2 2 2 2 3 3 3 2 2N = (1 ) (1 ) ; N = (1 ) ; N =(1 ) +(1 )QK  m K m PK m K m K m     
 

1 1 2 2 3 3 2 2where (1 ) (1 ) &(1 ) (1 )m K m PK m K m QK     
 

4. Study of Local Stability in Ecological (AEC) Model: 
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Local stability and Stochastic analysis are some of the aspects covered in this article as we 

attempt to determine the peculiar nature three-species mathematical model. Theorems that are 

pertinent to the study are developed. 

 

Theorem (4.1): 

The ecosystem which consists of Ecological Model with  AEC species is locally stable at 

 *

1 2 3positive equlibriu E N ,Npoint , Nm
 

1 2 3Only if X X X
 

1 11 1 22 2 33 3 2 11 22 1 2 11 33 1 3 22 33 2 3,where X a N a N a N X a a N N a a N N a a N N     
 

11 1 11 1

3 11 22 33 1 2 3 22 2

33 3 33 3

0

where 0 0 with the internal existed conditions

0

  
 

    
 

  

a N Pa N

X a a a N N N a N

Qa N a N

 

2 21 1 1 2 2 3 3 3 2(1 ) 0, (1 ) 0, (1 ) 0.m K N PN m K N m K N QN          
 

Proof: 
 

The characteristicequation of A is 0I 
 

11 1 11 1

22 2

33 3 33 3

0

0 0 0

0

a N Pa N

a N

Qa N a N







  

  

 
 

   3 2

11 1 22 2 33 3 11 22 1 2 11 33 1 3 22 33 2 3       a N a N a N a a N N a a N N a a N N  

11 22 33 1 2 3 0 a a a N N N
 

 11 1 22 2 33 3 1 0;let a N a N a N X     

 11 22 1 2 11 33 1 3 22 33 2 3 2 0   a a N N a a N N a a N N X  

11 22 33 1 2 3 3 0a a a N N N X   

3 2

1 2 3 0X X X        
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By arranging them in a Routh Array, the first column contains only positive numbers. 

1 1 2 3 1 2 3 31 0, 0, 0 & 0Those are X X X X X X X X      

 
Where 

1 11 1 22 2 33 3X a N a N a N    

2 11 22 1 2 11 33 1 3 22 33 2 3X a a N N a a N N a a N N    

3 11 22 33 1 2 3X a a a N N N
 

 2 21 2 3
11 22 1 11 22 2 1 2

1 11 1 22 2 33 3

1. 1X X X
a a N a a N N N

X a N a N a N


    

2 2 2 2

11 33 1 11 33 3 1 3 22 33 2 22 33 3 2 3 11 22 33 1 2 32 0a a N a a N N N a a N a a N N N a a a N N N             

Hence, By Routh-Hurwitz criterion, the system is locally stableat  *

1 2 3E N ,N , N . 

5. Stochastic Analysis of Ecological (AEC) Model: 

The noise effect is shown by the following system of nonlinear ordinary differential equations 

on  Ammensal- EnemyHost – Commensal species. 

 (i) The equation for the growth rate of Ammensal species (N1): 

 
21

1 1 1 11 1 12 1 2 1 1

dN
(1 ) ( )

dt
m a N a N a N N t                              (5.1) 

  

(ii) The equation for the growth rate of EnemyHost species (N2): 

 
22

2 2 2 22 2 2 2

dN
(1 ) ( )

dt
m a N a N t                               (5.2) 

  

(iii) The equation for the growth rate of Commensal species (N3): 

 
23

3 3 3 33 3 32 3 2 3 3

dN
(1 ) ( )

dt
m a N a N a N N t                   (5.3) 

       1 2 3, ,Here t t t t        represents a 3D Gaussian white noise process which 

satisfies   1 2 30 1,2,3 & , ,   ,i are real constanE t wher i se t        

Where ,i j is the Kronecker symbol ; is the   dirac function. 

* * *

1 1 2 2 3 3( ) ( ) , ( ) ( ) & ( ) ( )N t u t s N t u t p N t u t q       
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3 31 1 2 2
dN dudN du dN du

, ,
dt dt dt dt dt dt

    

* *1
11 1 12 2 1 1 11 11

du
( ) 2

dt
A u s a u s t where A a     

     
(5.4)

 

*2
22 2 2 2 22 22

du
( ) 2

dt
A u p t where A a    

      
(5.5)

 

* *3
33 3 32 2 3 3 33 33

du
( ) 2

dt
A u q a u q t where A a     

    
(5.6) 

Taking Fourier technique of (4.4),(4.5)&(4.6),we get 

Eq (5.4)   *

1 1 11 1 12 2( ) ( ) s* ( )i A s u a u        
    

(5.7)
 

Eq (5.5)  *

2 2 22 2( ) ( )i A p u      
      

(5.8) 

Eq(5.6)  * *

3 3 33 3 32 2( ) ( ) ( )i A q u a q u        
    

(5.9) 

The matrix representtaion of (5.7),(5.8) & (5.9) is ( )u( ) ( )M       (5.10) 

  

11 12 13

21 22 23

31 32 33

M M M

Here M( ) M M M ;

M M M



 
 


 
  

1

2

3

( )

( ) ( ) ;

( )

u

u u

u



 



 
 

  
 
  

11

22

33

( )

( ) ( )

( )

 

  

 

 
 

   
 

    

* *

11 12

*

22

* *

32 33

0

where M( ) 0 0

0

i A s a s

i A p

a q i A q



 



  
 

  
   

 
2 2

det ( ) ( ) ( )M R I    
 

2 * 2 * 2 * * * * 2

33 22 11 11 22 33det ( ) ( )M A q A p A s A A A s p q          

3 * * * * * * 2

22 33 11 33 11 22( )A A p q A A s q A A p s      

 
   

1

 4.10 ) ( )  ( ( )  


  F m uo Mr
 

 

(1,1) (1,2) (1,3)

11 21 31

1 (2,1) (2,2) (2,3)

12 22 32

(3,1) (3,2) (3,3)

13 23 33

M ( ) M ( ) M ( )
1

where M( ) ( ) M ( ) M ( ) M ( )
M( )

M ( ) M ( ) M ( )

T T T

T T T

T T T

CF CF CF

CF CF CF

CF CF CF

k
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1 2

2 2
(2, ) (2, )3 3

2 21 2

1 1

1 1
, ,

2 ( ) 2 ( )

CF i CF i

i i
u i u i

i i

M M
Now d d

M M
     

   

  

  

   
 

3

2
(3, )3

2 3

1

1

2 ( )

CF i

i
u i

i

M
d

M
  

 



 

  
2

(1,1) * * 2 2 2 * * 2

11 22 33 22 33( ) (a a ) (a a ) ;  


   CFM p q p q

2 2
(2,1) (3,1)

12 13( ) 0 , ( ) 0; 
 

 CF CFM M

 2
(1,2) * * 2 * 2

21 12 33 12( ) ( ) ( ) ;CFM A A s q A s 


   

2
(2,2) * * 2 2 * 2

23 11 32 32( ) ( ) ( ) ;CFM A A s q A q 


 
 

2
(3,2) * * 2 2 * * 2

22 11 33 33 11( ) ( ) ( ) ;CFM A A s q A q A s  


     

2 2
(1,3) (2,3)

31 32( ) 0 ; ( ) 0;CF CFM M 
 

   

2
(3,3) * * 2 2 2 * * 2

33 11 22 11 22( ) ( ) ( )  


   CFM A A s p A s A p
 

1 2(1) : 0 & 0Case If   
1 2

2 20 , 0u uthen   

 

3

* * 2 2 2 * * 2

3 11 22 11 222

2

( p ) ( )1

2 ( )
u

A A s A s A p
d

M

  
 

 





     
 

1 3(2) : 0 & 0Case If   

 

1

* * 2 * 2

2 12 33 122

2

( q ) ( )1

2 ( )
u

A A s A s
then d

M

 
 

 





   
 

2

* * 2 2 * * 2

2 11 33 33 112

2

( q ) ( )1

2 ( )
u

A A s A q A s
d

M

  
 

 





     
 

3

* * 2 * 2

2 11 32 322

2

( q ) ( )1

2 ( )
u

A A s A q
d

M

 
 

 





   
 

2 3(3) : 0 & 0Case If   

 

1

* * 2 2 2 * * 2

1 22 33 22 332

2

( q ) ( q )1

2 ( )
u

A A p A p A
then d

M

  
 

 





     
 

2 3

2 20 ; 0u u  
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In order to accomplish this, stochastic analysis is carried out. 

6.Conclusions:  

The following observations and inferences can be made based on the findings of this research 

study, which is a thorough examination of an AEC ecosystem with three species:  

(i).The Routh-Hurwitz criterion demonstrates that this model is stable on a local level. 

(iii). The consistency of the system is successfully discussed through the use of stochastic 

analysis. 
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