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ABSTRACT

In this paper, the concept of compatibility of type (P) and occasionally weak campatibility in Mengenspace has
been applied to prove a common fixed point theorem for six self mapswhich generalizes the result of Pant et.
al.[6].
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I. INTRODUCTION

In 1942, K. Menger [4] introduced the notion of probabilistic metric space (briefly, PM-space) as a
generalization of metric space, Such a probabilistic generalization of metric spaces appears to be well adapted
for the investigation of physicaliguantitiessand physiological thresholds. It is also of fundamental importance in
probabilistic functignal analysis. The development ofifixedepoint theory in PM-spaces was due to Schweizer and
Sklar [7]. Sehgal \and Bharucha-Reid 48] obtained @ generalization of Banach Contraction Principle on a

complete Méngerspace which is a milestone in developing fixed-point theory in Menger space.

Recently, Jungck and Rhoades [3] termedse’ pair of self maps to be coincidentally commuting or equivalently
wéakly compatible if they cammute at‘their coincidence points. Sessa [9] initiated the tradition of improving
commutativityain fixed-point thearems by introducing the notion of weak commuting maps in metric spaces.
Jungck [2] soen enlarged this concept to compatible maps. The notion of compatible mapping in a Menger
space has been introducedsy Mishra [5]. In 2011, Sharma et. al. [10] gave a fixed point theorem using weak

compatibility in Menger space.

Recently, in 2013, Jain et. al. [1] proved a common fixed point theorem using the concept of semi-compatibility

and occasionally weak compatibility in Menger space.

In this paper a fixed point theorem for six self maps has been proved using the concept of occasionally weak
compatibility and compatibility of type (P) which generalizes the result of Pant et. al. [6]. We also cited an

example.
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1. PRELIMINARIES.

Definition 2.1.[5] A mapping #: R — R* is called a distribution if it is non-decreasing left continuous with
inff{Ft)|teR}=0 and sup{ F(t)|te R}=1.

We shall denote by L the set of all distribution functions while H will always denote the specific
distribution function defined by

(O, t<oO0
H(t) =4 .
Ll , t>0

Definition 2.2. [5] A mapping t :[0, 1] x [0, 1] — [0, 1] is called a t-norm if i
conditions :

satisfies the following

(t-1) t(a, 1) =a, t(0,0)=0;

(t-2) t(a, b) = t(b, a) ;

(t-3) t(c,d) > t(a,b); forc>a,d>bh,

(t-4) t(t(a, b), ¢) = t(a, t(b, c)) foralla, b,c,d e [0

Definition 2.3. [5] A probabilistic metric space (PM-space non empty
set X and a function #: X x X — L, where L is the collection istri i e value of Fat

(PM-2) F\ (0)=0;

(PM-3) Fu,v = Fv,u;

(PM-4) IfFy\ (x)=1and F

forall uv,w e Xand x,y>0.

Definition 2.4. [5]
the inequality

nhere (X, #) is a PM-space and t is a t-norm such that

(PM-5) Fu, , F allu, v, w e X, x,y>0.

M(g, ) such that

Fxn, Xm(a) >1-A for all m, n > M(g, A).

A Menger PM-space (X, &, t) is said to be complete if every Cauchy sequence in X converges to a
pointin X.

A complete metric space can be treated as a complete Menger space in the following way :

Proposition 2.1. [1] If (X, d) is a metric space then the metric d induces mappings
F: X x X —> L, defined by Fp q(x) =H(x-d(p, q)), p, g € X, where

H(k) =0, fork<0 and H(k)=1, fork>0.
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Further if, t:[0,1] x [0,1] — [0,1] is defined by t(a,b) = min {a, b}. Then (X, & t) is a Menger space. It is
complete if (X, d) is complete.

The space (X, F, t) so obtained is called the induced Menger space.

Definition 2.6. [1] Self mappings A and S of a Menger space (X, &, t) are said to be weak compatible if they
commute at their coincidence points i.e. Ax = Sx for x € X implies ASx = SAX.

Definition 2.7. [5] Self mappings A and S of a Menger space (X, & t) are said to be compatible if
FAan SAxn(X) — 1 for all x > 0, whenever {x,} is a sequence in X such that Ax,, Sx,, — u for some u in X,

as n — oo,
Definition 2.8. Self maps S and T of a Menger space (X, &, t) are said to be compatible of type (P) if FSTxn

nce in X such that

TTx, (x) - 1 and FTan SSx, (x) > 1 forall x >0, whenever {X,}i
an, Txn — uforsomeuin X, asn— .

Definition 2.9. [6] Self maps S and T of a Menger space (X, & t) ar
FSTxn, Tu ®) —> 1forall x >0, whenever {x,} is a sequence in X

n— oo.
Definition 2.10. [1] Self maps A and S of a Menger s i i ly weakly
compatible (owc) if and only if there is a point x in X‘whi inci i S at which A
and S commute.
Now, we give an example of pair of self maps (I not-semi-compatible.
Example 2.1. Let (X, d) be a metric spac induced Menger space with
Fyy= t forall t> 0.

Toted(x,y)

Define self maps | and L as follows :

I(x) =x forall x e X

. 1 1
Since an = —-—
2 n

Therefore,Ianz |(£—£\s = 2z and Lan= L(£—£ =—-—,
27 W) T 2. 2 %)

Consider limF,, . ()=1limF, ., ()y=1fort>0.

no>w 2 g

101 11
Also, L|Xn=L(—— I — I, =1 2 y_1ot
LZ “J 2 n L J 2

Consider limF, , ()=lmF,_,, (=1 fort>0.
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Therefore, by definition, (I, L) is compatible mapping of type (P).

Now, lim F (=1limF, , (1) <1 fort>0.

ILx, Lx
now

Therefore, (I, L) is not semi-compatible mapping. Thus the pair (I, L) of self maps is compatible of
type (P) but not semi-compatible.

Remark 2.2. In view of above example, it follows that the concept of compatible maps of type (P) is more
general than that of semi-compatible maps.

Example 2.2. Let (X, d) be a metric space where X € R" and (X, , t) be the induced Menger space with

F,. = forallt>0,x, ye X
XY tidx,y) Y

Define self maps S and T as follows :

2 2
—, if x=0 —, if x=#0
S(x) =4 x* and  T(x)=4{x
|1 if x=o0 |1 if x=o.
Taking x, = n, we get
lim Fep, ., (=1 and tim F, . (1)=1 fort
n— o n n n—w n n

Hence, the pair (S, T) is not compatible of type (P).

there exists a constant ke (0, 1
a Cauchy sequence in X.

Lemma 2.3. [10]

I11. MAIN RES

Theorem 3.1. Let , L, M, Sand T be self mappings on a complete Menger space (X, F, t) with t(a, a) > a,
for some a e [0, 1], satisfying :

(3.1.1) L(X) < ST(X), M(X) = AB(X);

(3.1.2) ST(X) and AB(X) are complete subspace of X;

(3.1.3) either AB or L is continuous;

(3.12.4) (L, AB) is compatible maps of type (P) and (M, ST) is occasionally weak compatible;
(3.1.5) for some ¢ € @, there exists k (0, 1) such that for all x,y € X and t > 0,

O(FLx, My(KD: Fagx, sTy(®): FLx, ABx(1): Fmy, sTy(KD) 2 0
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then A, B, L, M, Sand T have a unique common fixed point in X.
Proof. Let X € X. From condition (3.1.1) 3 XX € X such that Lx0= STxl =Y, and Mx1 = Asz =Y,
Inductively, we can construct sequences {x,} and {y,} in X such that
LXon =STXon41 =Yon  and  MXoniq = ABXopi0 =Yope1 forn=0,1,2, ...
Step 1. Putting X =Xy, and Y =Xop4q in(3.1.5), we get
¢(F|—X2m IV|X2n+1(kt)’ FABXZn, STX2n+1(t)’ FI—XZni ABin(t)’ I:|V|X2n+1, STX2n+1(kt)) = 0.

Letting n — oo, we get

¢(FYZn, yzn+1(kt)’ Fym, YZn(t)’ Fyzn. Y2n-1(t)’ Fy2n+1, yzn(kt)) = 0.

Using (a), we get Fan. y2n+1(kt) = Fy2n—1: y2n(t)'

Therefore, for all n even or odd, we have Fym yn+1(kt) > FYn-l, yn(t).
Therefore, by lemma 2.1, {y,} is a Cauchy sequence in X, whichds complete.
Hence {y,} — z € X. Also its subsequences converges as
{Lxon} = z, {ABxy} — z, {MXop4
Case I. When AB is continuous.
As AB is continuous, (AB)2x2n
As (L, AB) is compatible pair of ty,

Step 2. Putting x = ABX5, and y =Xp41 in(3.1.5), we get

¢(FI—ABX2m MX2n+1(kt)' FA (), FLABXZn, ABABXZn(t)’ FMX2n+1. STX2n+1(kt)) =0

Letting n — oo, we get

+1

Letting n — oo, we get
¢(FLZ, Z(kt): FABZ, Z(t)’ FLZ, ABz(t)v FZ, Z(kt)) >0

d’(FLz, 2(kt), 1, FLz, ,(0,1)> 0.
As ¢ is non-decreasing in the first argument, we have  ¢(F| , ,(kt), 1, F| , (1), 1) > 0.

Using (a), we get
Fz, L z(kt) =1, forall t>0,
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i.e. z=Lz
Thus, we have z =Lz = ABz.

Step 4. Putting x =Bz and y=Xopn41 in(3.1.5), we get

O(FLBZ, My (K FABBZ, STy, (D FLBZ, ABBZ(D: FMIxy 1, ST, (KD) 2 O
Letting n — oo, we get
0(Fgz, 2(<0), Fg (0, Fpz Bz (1), F7 2(k)) > 0

0(Fpz, z(kD). Fgz (0.1, 1)= 0.
As ¢ is non-decreasing in the first argument, we have

o(Fgz, ;). Fgz, (0.1, = 0.

Using (b), we have

FBz, ,()=1, forallt>0,

ie. z=Bz.

Since z = ABz, we also have z = Az.
Therefore,z= Az=Bz=Lz.

Step 5. As L(X) < ST(X), thereexistsv € X that z=Lz=STv.

Putting X = X, and y=v in (3,

OF L0, MVKD: FABx,,, STV
Letting n — oo, we get
¢(Fz, Mv(kt)’ I:z, ST

0(F, mykD, 1,1, F,

1), Fpy, 2(k0) > 0

1, for all t > O}

y compatible, we have

STv. Thus, STz = Mz.

¢(FLx2n, Mz (Kb, FABin, sTz(0, FLXZn- ABXZn(t)’ Fiz. sT4(k0) > 0
Letting n — oo, we get

o(Fz, mz(KD, Fz mz(D), 1,1) > 0.
As ¢ is non-decreasing in the first argument, we have

o(Fz, mz(®: Fz mz(D, 1, 1) = O.

Using (b), we have
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F, Mz = 1, forallt>0.
Thus, F; p() =1, wehave z =Mz =STz
Step 7. Putting x =X, and y =Tz in (3.1.5) and using Step 5, we get

O(F L, MT2KD: FABX,,, STTZO: Fix,, ABx, (D FMTZ, sTT2(KD) = O
Letting n — oo, we get

OF Lz, 7(0), F5 7,00, F; ;). Frz 1,(kD) > 0

0(F7, (kD). F, 7,1, 1,1) > 0.

As ¢ is non-decreasing in the first argument, we have

¢(Fz, Tz(t)a FZ, TZ(t)’ 1, 1) > 0.
Using (b), we have

Fz, 70> 1, forallt>0.
Thus, Fz, T72(0) =1, we have z=Tz.

Since Tz = STz, we also have z=Sz.
Hence

Az=Bz=Lz=Mz=Tz =

Hence, the six self maps have a

Case Il. When L is continuous.

As L is continuous,

o(F 7 0. Fz 0.1, 0.
Using (b), we have

F, Lz(t)> 1 forallt>0.
Thus, F, | ,()=1

= z=1Llz

Therefore, z=Lz = ABz.
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Step 9. Putting X =Bz and y = X541 in(3.1.5), we get

O(FLBZ, Mxone (K0 FABBZ, STxon® FLBZ, ABBZ(D: FMxypsy, STxone KD) 2 O-
Letting n — o, we get

0(Fpz, (kD). Fgz ;(t). FRz Bz(D): F ;(k)) >0

o(Fgz (k). Fgz ,(1). 1, 1) >0.
As ¢ is non-decreasing in the first argument, we have

o(Fgz, z(0). Fgz, ,(1). 1,1)>0.
Using (b), we have

Fgz, 2(0 2 1, forallt>0.

Thus, Fpz, ,0=1

= z=Bz.

Since z = ABz, we also have z = Az.

Therefore, z=Az=Bz=Lz

Step 10. As L(X) < ST(X), thereexistsv € Xs

O(F Ly, MVKD: FABX,,, STV(
Letting n — oo, we get
(I)(FZ, Mv(kt)! FZ, S

¢(Fz, mv(kd, 1, 1, F.
Using (a), we have F, pqy(Kt) >

Step 11. Xonandy =z in(3.1.5), we get

Letting n — oo, we get
o(Fz, mz(KD, Fz mz(D), 1,1) > 0.

As ¢ is non-decreasing in the first argument, we have
05 Mz®: Fz piz®, 1,1) > 0.

Using (b), we have

F, mz(0) 2 1, forallt>0.
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Thus, Fz, mz(® =1, we have z=Mz=STz.
Step 12. Putting X = X5, and y =Tz in (3.1.5) and using Step 5, we get

OF Ly, MTZKD: FABX,,, STTZO: Fixy,, ABx,,(D: FMTZ, sTTZKD) = 0.
Letting n — oo, we get

O(F 5 72K, Fy 1,0, F; O, Frz 1,(kt) = 0

O(F7, (kD). F, 7,0, 1,1) > 0.

As ¢ is non-decreasing in the first argument, we have

Using (b), we have F, 1,()> 1, forallt>0.

Thus, Fz, 72(0 =1, we have z=Tz.

Since Tz = STz, we also have z=Sz.

Hence Az=Bz=Lz=Mz=Tz =Sz =2z.

OFLz mwKD: Fagz sTw(D): FLz%aBz (1), F

0(F, w(k), Fz O, F; /0, Fyy (k)20

On taking B = T = I {the identity map) on X in theorem 3.1, we get the following corollary.
Corollary 3.1. Let A, L, M, and S be self mappings on a complete Menger space (X, €, t) with t(a, a) > a, for
some a e [0, 1], satisfying :

(B11) LX) S(X), M(X) = A(X);

(3.1.2) S (X)and A (X) are complete subspace of X;

(3.1.3) either A or L is continuous;

(3.12.4) (L, A) is compatible maps of type (P) and (M, S) is occasionally weak compatible;
(3.1.5) for some ¢ € @, there exists k e (0, 1) such that for all x, y € X and t > 0,
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O(FLx, My(KD: Fax, sy(®: FLx, ax(®). Fpy, sy(kt) = 0
then A, B, L, M, S and T have a unique common fixed point in X.
IV. CONCLUSION

Theorem 3.1 is a generalization of the result of Pant et. al. [6] in the sense that the conditions of semi-
compatibility and weak compatibility have been replaced by compatibility of type (P) and occasionally weakly
compatible.
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