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ABSTRACT

The object of this paper is to obtain common unique fixed point theerems for three and fourself mappings
satisfy rational inequality in complete metric space using comcept of compatible mappings. Our result
generalizes the results of Fisher [3, 4], Jungck [8] Singh and Ghauhan [16] and Lohani and Badshah([11].
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I. INTRODUCTION

Jungck [6], proved a comman fixed point theorem for commutinggmappings in 1976, which generalizes the
Banach’s [1] fixed point theorem in@emplete metric space. Thisgesult was generalized and extended in various
ways by Iseki and Singh [5], Park[12],"Das andyNaik [2], Singh [17], Singh and Singh [18], Fisher [3], Park and
Bae [13]. Recentlyf'some commonfixed paint thearems of three and four commuting mappings were proved by
Fisher [4], Khan and,Imdad [10], Kangfand Kim [9]4The result of Jungck [6] has so many applications but it has
certain limitation that itirequires the continuity of one of the mapping. S. Sessa [14], introduced the concept of
weakdCommutativity and proved a commoh fixed point theorem for weakly commuting maps. In general,

commuting, mappings are weakly,commuting but the converse is not necessarily true.

Further Jungcky[7], intrgduced more generalized commutativity; known as compatibility, which is weaker
than weakly commuting maps. In general, weakly commuting mappings are compatible, but converse is not true.
Since various author proved a common fixed point theorem for compatible mappings satisfying contractive type

conditions and continuity of one of the mapping is required.

The main purpose of this paper is to present fixed point theorems for three and four self maps
satisfying a new rational condition by using the concept of compatible maps in a complete metric space. Also
we generalize the results of Fisher [3, 4], Jungck [8], Singh and Chauhan [16] and Lohani and Badshah [11], by
using another type of rational inequality. To illustrate our main theorems, an example is also given.
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Il. PRELIMINARIES:

Definition 2.1 : Two mapping S and T from a metric space (X, d) into itself, are called commuting on X,
if d(STx, TSx) = 0i.e. STx = TSx for all x in X.

Definition 2.2 : Two mapping S and T from a metric space (X, d) into itself, are called weakly commuting on
X, if d(STx, TSx) < d(Sx, Tx) for all x in X. Clearly, commuting mappings are weakly commuting, but converse

is not necessarily true, given by following example

Example2.1
Let X = [0, 1] with the Euclidean metric d. Define Sand T : X — X by

Sx=i and Tx=Z for all x in X.
3-x 3

Then for any x in X,

d(STx,TSx) = g_xx_g X3x
B 2%
~1(9-x)(9-3x)
X2

IA

ie.
pings on X, but they are not commuting on X, because

any x #0 in X.

S and T from a metric space (X, d) into itself, are called compatible mappings

=0, when {xm} is a sequence in X such that lim Sx_, = lim Tx,, = X for some x in X.
m—oo m—o0

Clearly Two mapping S and T from a metric space (X, d) into itself, are called compatible mappings on X,
then d(STx, TSx) = 0 when d(Sx, Tx) = 0 for some x in X . Note that weakly commuting mappings are
compatible, but the converse is not necessarily true.

Example2.2

Let X = [0, 1] with the Euclidean metric d. Define Sand T : X — X by

Sx=x and Tx:i for all x in X.
X+1

Then for any x in X,
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STx=5(Tx) = s(ij X

X+1 :x+1
X
TSx=T =T(X)=——
SX=T(SX)=T(x) 1
2
d(Sx,Tx):x—i: X
X+1 [X+1
Thus we have
d(STxTSK) = |2 ——X
Xx+1 x+1
X2
=0< forall xinX.
X+1
=d(Sx,Tx)

ie d(STx,TSx) <d(Sx,Tx) forall xin X.

Thus S and T are weakly commuting mappings on X, and appings on X

Example2.3
Let X = R with the Euclidean metric d. Defi

2

Sx=x* and Tx=2x? forall x i

Then for any x in X,

STx=S(Tx)=S(2x}

pmpatible mappings on X , because

Then

Thus S

Lemma 2.1 [8].

lim Sx,, = lim Tx, = x for some x in X .Then lim TSx_ = Sx , if S is continuous.

m—oo m-—oo m-—oo

S and T be compatible mappings from a metric space (X, d) into itself. Suppose that

Now, let P, S and T be three mappings from a complete metric space (X, d) into itself satisfying the conditions:

S(X)UT (X) = P(X) 2.1)
d(sxTy) S{Mﬂ%}dﬁy, Py) 2.2)
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forall x,y € X, wherea, >0, a<1 anda+f<1.

Then for an arbitrary point xq in X, by (2.1) we choose a point x; in X such that Px; = Sx, and for this point x,,
there exists a point X, in X such that Px, = Tx; and so on. Proceeding in the similar manner, we can define a
sequence {yn} in X such that

Yom+1= PXom+1= SXom and Yom = PXom = TXom_1 (2.3)

Lemma 2.2 Let P, S and T be three mappings from a complete metric space (X, d) into itself satisfying the
conditions (2.1) and (2.2). Then the sequence {y} defined by (2.3) is a Cauchy sequence in X.
Proof: By definition (2.3) we have

d(y2m+lly2m):d(SX2m’TX2m—1)
S{O{+ﬂ d(SXZm! PXZm)

1+ d (PXZm ' PXZm —1)

d(y2m+11 y2rn)
< ——— = d (Y,
{a+ﬂl+d(y2m! yZm —1) (yzm

}dUXle,PXz

< ad (ygml y2m —1)+ﬂd(y2m 2m

. (04
1.8 d(Yom.ar Yom) < g d(Yam: Yom-1)

Hence d(yZm +17 y2m) < hd(yZm' yZm—l)

Where h= 1L <1

Similarly we can show that
d(yZm +1, 2m) < h2m d(yl

I11. MAIN RESULT
Theorem 3.1 Let P, S and T be three mappings from a complete metric space (X, d) into itself satisfying the

conditions (2.1) and (2.2). Suppose that
(i) One of P, Sand T is continuous,
(ii) The pairs (S, P) and (T, P) are compatible on X.

Then P, Sand T have a unique common fixed point in X.
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Proof: Let {y.} be the sequence in X defined by (2.3). By lemma 2.2, the sequence {y.} is a Cauchy sequence
in X and X is complete, hence the sequence {y.} converges to some point u in X. Consequently, the
subsequences {Sxom}, {Pxam} and {Txom 1} Of the sequence {y.} also converges to u.

Now suppose that P is continuous. Since the pair (S, P) is compatible on X, lemma 2.1 gives that P?,, and

SPX5 — Puas m — oo,

By (2.2), we obtain

d(SPX,,,,, PPX,,,)
1+d(PPx,,,, PX,, )

d(SPXZm’TXZm—l) S{a"'ﬂ }d(TXZm—l’ PXZm —1)

m?

2
S{a'i_ﬂ d(SPXZm’PXZm) }d(szmllPXZml)

1+d(P* X, Py, 1)

Letting m —oo and using above results we get

d(Pu,u)s{m ﬁ%}dw

Which implies
d(Pu,u)<0
So that u =Pu.

Now from (2.2)

d(Su, X, 4) S{a+ [

So that u =Su.Sinc SueS(X) =u =Su eS(X)UT(X) =u =Su e P(X) hence there exists a point v in
X such that u =Su =Pv.

d(u,Tv) =d(Su,Tv)

s{m ﬁm}dﬁv, PV)

1+d(Pu, Pv)
_ d(u,u)
- {a+'81+d(u,Pv)}d(rv’u)
Which implies

399 |Page




International Journal of Advanced Technology in Engineering and Science www.ijates.com
Volume No0.02, Issue No. 08, August 2014 ISSN (online): 2348 — 7550

(1-a)d(u,Tv) <0, since a<1.Sothat u =Tv.
Hence u =Tv=Pv also the pair (T, P) is compatible on X , then d (TPv ,PTv) =0 and so Pu = PTv = TPv = Tu.
Thus u = Su =Pu = Tu.
Therefore, u is common fixed point of P, S and T. Similarly, we can also complete the proof, when S or T is

continuous.
For uniqueness of u, suppose u and z, u # z, are common fixed points of P, S and T. Then by (2.2), we obtain
d(u,z) =d(Su,Tz)

d(Su, Pu)
< {Oﬁﬁm}d(ﬁ’ Pz)

d(u,u)
S{a+ﬂm}d(z,z)
<0
i.e. d(u,2) <0

which is a contradiction . Therefore u =z . Hence u is uni This completes

the proof.

Now, let P, Q, S and T be four mappin ) into itself satisfying the

conditions:
S(X)=QX), T(X)=P(X) (31)
and d(Sx,Ty) < {a+ i) (3.2

a point x; in X such that Qx; = Sx, and for this point x;,

so on. Proceeding in the similar manner, we can define a

PXZm = TXZm— 1 (33)

d(y2m+1’ y2m) = d(SXZm’TXQm—l)

d(SXo s PXorn)
< {a+ﬁl+d(P)§2m,Q;Zm_l)}d(rxzm1’QX2m1)

< {a+ﬁ d(y2m+17 yZm)

d(Vam: Yom-1)
1+d(y2m' yZm—l)} 2 ant

<ad(Yom: Yom 1)+ BAdYam 1) Yom)
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. [04
ie d(yzm+1,y2m)£ﬁd(yzm,yzm_1)

Hence  d(Yom.1s Yom) <NA(Yorms Yom-1)

Where h= 1L <1

Similarly we can show that

AdYam 10 Yom) <P d(Y1, ¥p)

For k > m, we have

k
d(ym+k1ym) Szd(yn+i’yn+i—1)
i=1

k .
<2 (Y, o)
i=1

n

. h
e d Yo <
L€ (ym+k ym) (1—h

jd(yl,yo)—>0 as Nn—ow

Hence {yn} is a Cauchy’s sequence in X.
Now we will extend theorem 3.1 for four self m
Theorem 3.2 Let P, Q, S and T be mappi
conditions (3.1) and (3.2). Suppose that

a complete metric into itself satisfying the
(i) One of P, Q, S and T is continuous,
(ii) The pairs (S, P) and (T, Q) are compatible on X.
Then P, Q, Sand T have a uni

(3.4)
(3.5)

ommon fixed point in X.

ined by (3.3). By lemma (3.1), the sequence {y.} is a Cauchy

ome point u in X. Consequently, the subsequences

d (SPXZm 1 PPXZm)
1+d(PPx,,,, Q% 1)

d(SPXQm! PzXZm)
S{(Z+,Bl+d(szzm’szm_l)}d(TXZm1!QX2m1)

}d(TXZml’QXZml)

Letting m —oo and using above results we get

d(Pu,u)S{a+ ﬂ%}d(wu)

Which implies
d(Pu,u)<0
So that u =Pu.
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Consider

d(Su, Pu)

d(Su,szml)S{mﬂW

}d(TXZmllQXZml)

Letting m —oo and using above results we get

d(Su, Pu)

d(Su,u) S{a+’81+d(Pu 0

}d(u,u)

Which implies
d(Su,u)<0
So that u =Su.

Since S(X) cQ(X) and there exists a point v in X, such that u =Su = Qv.

Consider
d(u,Tv) =d(Su,Tv)

d(Su, Pu)
< {a+ﬂm}dﬁv,@)

d(u,u)
< ————d(Tv,
{a+'81+d(u,u)} (v.u)
ie. d(u,Tv) <ed(Tv,u) since o < 1
Since the pair (T, Q) is compatible on Xand Qv=Tv=u, (TQv,QTv) =0and so Qu=QTv=TQv=Tu.

Moreover by (3.2 ), we obtain
d(u,Qu) =d(Su,Tu)

PSx,m, — Su as
By (3.2), we obtain

d (S, PSX51n)
1+d(PSx,,,, Q% 1)

d(SSXQm!TXZml)S{a_l_IB }d(TXZmllQXZml)

d(S*Xm: PSXy1n)
1+d(PSx,,,, Q% 1)

d(SZXZm'TXZml)S{a+ﬂ }d(TXZmllQXZml)

Letting m —oo and using above results we get

d(Su,u) S{a+ ﬁ%}d(ww
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Which implies

d(Su,u) <0
So that u =Su.Since S(X) <= Q(X) and there exists a point w in X, such that u =Su = Qw.
Consider

d(S*Xoms PSXom)
1+d(PSx,,,, Qw)

Letting m —o0 and using above results we get

d(Su, Su)
1+d(Su,Qw)

d(SZXZm,TW)s{OH B }d(Tw,QW)

d(Su,TW)s{a+ﬁ }d(rw,QN)

Which implies

d(u,Tw) < ad(u,Tw)
So that u =Tw. Since the pair (T, Q) is compatible on X al
hence Qu=QTw=TQw =Tu.

Moreover by (3.2 ) ,we have

d(Sx,,,,Tu) < {a+ B

i.e. d(u,Tu)<0
Sothat u=Tu. Since T(X) Xists a point z in X, such that u =Tz = Pxz.
Moreover by (3.

d(Sz,u) =

ie. d(Sz,u) <
Sothat u=Sz. Since the pair (S, P) is compatible on X and Sz = Pz = u, then d (PSz, SPz) = 0 and hence
Pu = SPz = PSz = Su. Therefore, u is a common fixed point of P, Q, S and T. Similarly, we can also complete
the proof, when T is continuous.
For uniqueness of u, suppose u and z, u # z, are common fixed points of P, Q, S and T. Then by (3.2), we obtain
d(u,z) =d(Su,Tz)

d(Su, Pu)

S{a+ﬂl+d(Pu,Qz)

}d(l’z,Qz)

403 |Page




International Journal of Advanced Technology in Engineering and Science www.ijates.com
Volume No0.02, Issue No. 08, August 2014 ISSN (online): 2348 — 7550

d(u,u)
s{a+ﬂm}d(z,z)

<0
i.e. d(u,2) <0
which is a contradiction .Hence u = z . Therefore, u is uniqgue common fixed point of P, Q, S and T. This

completes the proof.

The following corollaries follow immediately from theorem 3.2

Corollary 3.1 LetP, Q,Sand T be four mappings from a complete metric space (X, d) into itself satisfying

the conditions (3.1) and (3.2).Then P, Q, S and T have a unique common fixed p
Corollary 3.2 LetP, Q,Sand T be four mappings from a complete metri
the conditions (3.1), (3.4) , (3.5) and

ace (X, d) into itself satisfying

d(Sx, Px)
d(Sx,Ty) g{a+ﬂm}d(m,(}y)
forall x,y € X, where o, f>0,a<land o+ f<1. The i ixed point in
X.
Corollary 3.3 LetP, Q,Sand T be four map ) into itself satisfying

the conditions (3.1), (3.4), (3.5) and

d(Sx,Ty) < {a + ﬂ—lf gS(Xr’yQy(;y)

(3.6)

Proof: Since S and T are commuting with P and Q ,therefore S°and T Lare commuting with P ? and Q 9 .Thus
by theorem 3.2 , there exists a unique point u in X such that u=PPu=Q%u=S%u=T ‘u.
From this we obtain Su =S ° (Su) = P P (Su).Therefore Su is a common fixed point of S * and P P. Also, Tu is a

common fixed point of T and QY Letx=Suandy=Tuin (3.6), then we obtain

d(Su,Tu) = d(S°x,T'y)
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S{a+ﬂw}d(‘rty,qu)

1+d(P Px,QY%)
d(S °x,S °x) oot
i.e. d(Sz,Tu) <0

sothat  Su =Tu.Hence Su is a common fixed pointof P?, Q% S*and T'.
Also we obtain Pu=S°(Pu)=P P (Pu).
Therefore Pu is a common fixed point of S ° and P P. Also, Qu is a com ixe int of T " and QY

Letx=Puand y=Quin(3.6), then we obtain
d(Pu,Qu) = d(S°x,T'y)

d(S°x,PPx) t
S{O”ﬂuol(lvpx,Q“y)}d(r Y

d(S°x,5°x)
< N - 7
‘{“+ﬂ1+d(35x,Tty

i.e. d(Pz,Qu) <0.Sothat Pu =

Hence Pu is a common fixed point of P °

By uniqueness u in X, this show that u = Pu= Qu = Su Therefore, u is uniqgue common fixed point of P,

Q, Sand T. This completes the proof.

To illustrate our main theore pwing example is also given.

sine spx = s[2- 1)1 1,1 11 1 e
4 4) 2 4 4 4 4 4
and
PSx,= P 1—LLi = l+i —>1asn—>oo
2 4 4 4 4") 4
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Therefore rlllrg) d(SPxn, Pan)z d(%,%)zo. Hence the pair (S, P) is compatible. Similarly we can show that
the pair (T, Q) is compatible. Also Since the P(X)=Q(X)=[0,1] and S(X)=T(X)= { 0, 12} )
Then clearly conditions:

S(X)=Q(X), T(X)=P(X) are holds and

d(Sx,Ty)g{a+ﬂ%}d(Ty,Qy) Jbecomes |y—-x|<{a+p %—Zy is holds on

[0,1) and all other conditions of theorem 3.2 are satisfied by P,Q.Sand T . is unique

common fixed point of P, Q, Sand T.

1V. CONCLUSION
In this paper we proved common fixed point th apping in complete
metric space by using new rational inequality is di arlier inequality given by

Fisher [3, 4], Jungck [8] ,Singh and Chau ani and Badshah [1
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