International Journal of Advanced Technology in Engineering and Science www.ijates.com
Volume No.03, Issue No. 04, April 2015 ISSN (online): 2348 -7550

A COUPLED FIXED POINT THEOREM IN FUZZY

METRIC SPACE

V.H. Badshah', Arihant Jain?, Hema Yadav®
!School of Studies in Mathematics, Vikram University, Ujjain M.P., (India)

“Department of Applied Mathematics, Shri Guru Sandipani Institute of Technology and Science,
Ujjain M.P., (India)
*Department of Mathematics, Govt. P. G. College, Mandsaur M.P., (India)

ABSTRACT
The purpose of this paper is to introduce a coupled fixed point theorem and t- Norm of Hadzic type
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I. INTRODUCTION

The evolution of fuzzy mathematics commenced with the introduction of the notion of fuzzy sets by Zadeh [10]
in 1965, as a new way to represent the vagueness in everyday life. In mathematical programming, problems are
expressed as optimizing some goal function given certain constraints, and there are real life problems that
consider multiple objectives. Generally, it is very difficult to get a feasible solution that brings us to the
optimum of all objective functions. A possible method of resolution, that is quite useful, is the one using fuzzy
sets. Zadeh's [10] investigation of the notion of fuzzy set has led to a rich growth of fuzzy Mathematics. Many
authors have introduced the concept of fuzzy metric in different ways. There are many view points of the notion
of the fuzzy metric spaces in fuzzy topology (see Deng [1], Erceg [2], George and Veeramani [3], Kaleva and
Seikkala [5], Kramosil and Michalek [6]). In 2009, Lakshmikantham et. al. [7] introduced coupled fixed point
theorems in partially ordered metric spaces. Motivated by them, we introduce a coupled fixed point theorem and

t-Norm of HadZic type in fuzzy metric space.
I1. PRELIMINARIES

Definition 2.1 A t-norm t is a 2-place function t : [0,1] x [0, 1]—[0,1] which satisfies the following conditions :
foralla, b, c,d € [0,1].

(i) t(0, 0) = 0;

(i) t(0,1)=1;

(iii) t(a, b) = t(b, a);

(iv) ifa<candb <d, then t(a, b) <t(c, d);

(V) t(t(a, b), c) = t(a, t(b, ¢)).
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Definition2.2 Let SUPA(t,t) =1. A t-norm Ais said to be of Hadzic-type

O<t<1

(H-type) if the family of functions {Am (t)} , s equi-continuous at t = 1, where

m=

Al =t, A™() = AQA™(), m=1,2,3,....t [0, 1]

The t-norm Ay = min. is an example of H-type.
Remark 2.1 Ais a H-type if and only if for any A € (0, 1), there exists &(A)e (0, 1) such that following
implications hold :

t>1-3(\) implies A™(t) >1-A.
Remark 2.2 [4] Every t-norm Ay, is of HadZic-type but converse need not be true.
Definition 2.3 [6] The 3-tuple (X, M, t) is called fuzzy metric space if X is an arbitrary set, t is a continuous t-
norm and M is a fuzzy set on X?x[0, ) satisfying the following conditions :
forall x,y,z e Xands,t>0
(i) M(x, y, 0) = 0;
(i) M(x,y, t) =1ifand only if x = y;
(ii)  M(x,y, )= M(y, x, 1);
(iv) M (X, z, t+s) > t(M(X, ¥, t), M(Y, z, 5));
(V) M(X, Y, .) : [0, ) —[0,1] is left continuous.
Note that the function M(X, y, t) can be thought of as the degree of nearness between x and y with respect to t.
In our theory, we consider the following conditions :

(vi) !im M(x,y, t) =1 forall x, yin X.

Definition 2.4 A sequence {x,} in a fuzzy metric space (X, M, t) is said to be

Q) convergent to x in X if for every ¢> 0 and A > O there is an integer n, € N such that
M(Xn, X, €) > 1 - A, for all n > ng.

(i) Cauchy sequence in X if for every ¢> 0 and A> 0 there is an integer
No € N such that M(X,, Xm, €) > 1 - A, for all m, n > n,.

(iii) complete if every Cauchy sequence in X is convergent in X.

Definition 2.5 Define ® = {¢: R* — R}, where R" = [0, +x) and each ¢ € ® satisfying the following

conditions :

(d) ¢ is non-decreasing.

(d) ¢ is upper semi-continuous from the right.
(93) id)“ (t) < +oo for all t >0, where ¢"'(t) = #(¢"(t)), n € N.

Clearly, if ¢ € ® then ¢(t) <tforall t > 0.

Definition 2.6 An element x e X is called the common fixed point of the mappings f : X x X — X and
g: X - Xifx =1(x, x) = g(x).

Definition 2.7 An element (x, y) € X x X is called a

(1) coupled fixed point of the mapping f: X x X — Xif f(x, y) =%, f(y, x) =v.
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(i) coupled coincidence point of the mappings f : X x X > X and g : X > X if f(x, y) = g(x),
f(y, x) = g(y)-

(iii) common coupled fixed point of the mappingsf: X x X > Xandg: X — X if x=1(x,y) =g(x),y=
f(y, x) = g(y)-

Definition 2.8 The mappings f: X x X — X and g : X — X are called commutative if

gf(x, y) = f(gx, gy) forallx,y e X.
Definition 2.9 The mappings f : X x X — X and g : X — X are called occasionally weakly compatible if there
is a point X € X which is a coupled coincidence point of f and g at which f and g both commute.

Remark 2.3 For convenience, we denote

2.1) [M(x,y,1)]" = M(X,y,t) *M(X,y, ) *...* M(X, y,t), foralln e N.

n

I11. MAIN RESULT.

Theorem 3.1 Let (X, M, *) be a fuzzy metric space, * being continuous t-norm of H-type. Suppose
f: X xX— Xandg: X — X be two mappings and there exists ¢ € ® such that

B.1)  M(f(x,y), f(u, v), ¢(t)) = w[M(gx, gu, t) * M(ay, gv. 1)],

for all X, y, u, v e Xand t > 0, where y: [0, 1] — [0, 1] is continuous function such that y(t) >t for all
t € [0, 1].

Suppose that f(X x X) < g(X), fand g are occasionally weakly compatible, range space of one of the mappings f
or g is complete. Then fand g have a coupled coincidence point. Moreover, there exists a unique point x in X
such that x = f(x, xX) = g(x).

Proof. Let Xq, Yo be two arbitrary points in X. Since f(X x X) < g(X), we can choose Xy, y; in X such that g(x;)
= f(Xo, ¥o), 9(y1) = (Yo, Xo).

Proceeding in this way, we can construct two sequences {x,} and {y,} in X such that g(Xn+1) = f(x,, y») and
9(Yn+1) = f(Yn, Xn) foralln>0.

Step 1. We first show that {gx,} and {gy.} are Cauchy sequences.

Since * is a t-norm of H-type, for any € > 0, there exists 6 > 0 such that

B2 (1-9)*(1-0)*..*(1-8)=>(—¢),forallpeN.

p

Since !I_[’Q M(x, y, t) = 1, for all x, y in X, there exists t, > 0 such that

M(gXo, X1, 1) = (1 -8) and  M(gyo, gy1, to) = (1 - J).
Also, since ¢ € @, using condition (¢3), we have

20" (t) <o
n=1
Then for any t > 0 there exists ng € N such that

33) t> Z O (t,).
Using condition (3.1), we have
M(gX1, g%z, §(to)) = M(f(Xo, o), f(X1, Y1), ¢(to))
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> y[M(gXo, gX4, to) * M(gYo, g1, to)]
> M(gXo, g1, to) * M(gYo, 9y, to)
M(gy1, 9Y2, §(to)) = M(f(yo, Xo), (Y1, X1), ¢(to))
W[M(gyo, gy1, to) * M(gXo, gX1, to)]
M(gYo, gY1, to) * M(gXo, gX, to).

\Y

\Y

Similarly, we can also get
M(gXz, 9%, §°(to)) = M(F(x1, Y1), f(Xa, Y2), ¢7(to))
VIM(gx1, g%z, to) * M(Qy1, 9Y2, to)]
[IM(9%, 94, t0)]* * [M(@Yo, 9Y1, to]*
M(@Y2, 9Ya, ¢°(to)) = M(f(y1, X2), f(y2, X2), ¢ (to))
> [M(@Yo, 9Y1, )] * [M(g¥o, 9%a, to)]’.
Continuing in this way, we can get
M(@Xn, Xer, () > (%, 00, ) * [M(@Yo, Y, )]

n n-1 n-1
M(@Yn, Yne1, '(t)) = [M(@Yo, Q1. to)]* * [M(@Xo, 9X1, )]
So, from (3.2) and (3.3), for m > n > n,, we have

M(9Xn, 9Xm, 1) = M [gxn yOX s i ¢k(to)J

k=ng

\Y

v

> M[gxn,gxm,r:zl¢“(to)J
> M(X,,0%,,1,0" (1)) * M (9X,.,1, 0%, " (t,) )

MG X 07 (1))

> {IM(@%, 9%, DI * [M(0Yo, gys, I}

* {IM(g%0, 9%, ) * [M(@Yo, 91, )7} * ...

* {[M(0x0, %0, DI * IM@Yo, 9¥s, W}
= IM(@%, 91, )T @2 * [M(gyo, gys, ]2 ¢
> 1-8)*A-3)*.*1-8) 2 (1-¢)

zn—l(zm—n 71)

which implies that
M(9Xn, OXm, t) > (L - €) forallm,n € Nwithm>n>ngandt>0.
Therefore, {gx,} is a Cauchy sequence in X.
Similarly, {gy.} is also a Cauchy sequence in X.
Step Il. Now, we show that f and g have coupled coincidence point. Without loss of generality, we can assume
that g(X) is complete, there exist points x, y in g(X) so that lim,_,., g(Xn+1) =X and limy_,., g(Yn+1) = Y-
For x, y € g(X) implies the existence of p, g in X such that g(p) = X, g(q) = y and hence
liMn o 9(Xnea) = 1iMnsos f(Xn, Yo) = 9(p) = X,

Iimnﬁoo g()/n+1) = Iimnﬁoo f(yna Xn) = g(q) = y
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From (3.1), we have
M(F(xn, Yn), (R, @), $(B) = wIM(gxn, g(p). 1) * M(gyn, 9(a), 1)]
> [M(gXn, g(p), 1) * M(gyn, 9(a), D).

Taking limit as n — oo, we have

M(9(p). f(p. a), o(1)) = 1, i.e., f(p, @) = g(p) = x.
Similarly, f(q, p) =g(q) = .
Since, fand g are occasionally weakly compatible, so gf(p, ) = f(g(p), g(q)) and gf(q, p) = f(g(q), a(p)),
i.e., g(x) = f(x, y) and g(y) = f(y, x).
Thus, fand g have a coupled coincidence point.
Step 111. Now we show that g(x) = x and g(y) = .
Since * is a t-norm of H-type, then for any ¢ > 0 there exists & > 0 such that

(1-8)*(1-8)*..*(1-8) > (1-¢), forall p e N.

p

Also, since ¢ € @, using condition (¢3), we have
20" (tg) <o,
n=1
Then for any t > 0 there exists ng € N such that
t> Z ¢k (to)-
k=ng
Using condition (3.1), we have
M(gx, X, ¢(to)) = M(f(x, y), f(p, a), ¢(to))

w[M(gx, gp, to) * M(gy, 9, t)]
M(gx, gp, to) * M(ay, ga, to).

v

v

Similarly,
M(ay, ¥, d(to)) = M(gy, 94, to) * M(gX, gp, to).

Continuing in the same way, foralln e N

M(gx, X, "(t)) = [M(gx, gx, )] * [M(ay. y, )"
Thus, we have

M(gx, X, t) > M (gx,x, i ¢"(t0)j

k=n,

2 M(gx,x,q)no (to))

no-1

> [M(gx,x,to)]zno_l “[M(gy, y,to)]2
(1-8)*(1-8)*..*(1-8)>(1—¢), foralln,eN.

2"

So, for any € > 0, we have
M(gx,y, t) > (1- ¢), forall t > 0.
This implies that g(x) = x. Similarly, g(y) =y.
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Step 1V. Now we show that X =y.

Since * is a t-norm of H-type for any ¢ > 0, there exists 3 > 0 such that

(1-8)*(1-8)*..*(1-8) = (1-¢), forall p e N.

p

Since !I_[\jo M(x, y, t) = 1, for all x, y in X, there exists t, > 0 such that

M(X1 y1 tO) 2 (1 - 6)
Also, since ¢ € @, using condition (¢3), we have

Zd)n (t,) <oo.

n=1
Then for any t > 0 there exists ng € N such that

t> > 0 (t).

k=ng
Using condition (3.1), we have
M(X, Y, §(to)) = M(f(p, q), f(a, p), ¢(to))

w[M(gp, 99, to) * M(ga, gp, t)]
M(gp, 9d, t) * M(gq, gp, to)
IM(x, y, to)I*

Continuing likewise, we have for all n € N, that

M(x, ¥, 0"(t) > [M(X, ¥, to)I.
Thus, we have

\Y

\Y

My, ) > M [x, 3¢ (to)J

k=ng

> M(%,Y, 4" (o))

> [M(x, Y, )],

Thus, we have

> 1-8)*A-8)*..*(1-8) > (1-¢) , which implies that x = y. Thus, f and g have common fixed

2o

point x in X.

Step V. Uniqueness :

Let z be any point in X such that z = x with g(z) = z =f(z,2).

Since * is a t-norm of H-type for any ¢ > 0, there exists 5 > 0 such that
@1-0)*(1-9)*...*(1-8)>(1—¢), forallp e N.

p

Since !I_[\jo M(x, y, t) = 1, for all x, y in X, there exists t, > 0 such that

M(X, Y, 1) > (1 - 3).

Also, since ¢ € @, using condition (¢3), we have
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0" (t,) <o
Then for any t > 0 there exists ng € N such that
t> Y 4 (k)
Using condition (3.1), we have
M(X1 Z, ¢(t0)) = M(f(X1 X), f(21 Z)! ¢(t0))
v[M(g(X), 9(2), to) * M(9(x), 9(2), to)]

M(9(x). 9(2). (to)) * M(9(x). 9(2). (to))
M(x, Z, to)]*

\Y

\Y

Thus, we have M(X, z, t) > M[X*Z*iq’k(to)j

k=ngq

= M(x.2,¢" ()

> ([M(x, 2, )P )?
> (M(x, z, to))2nO
> (1-8)*@-8)*..*(1-8)>(1-¢)

2"o

which implies that x = z. Thus, f and g have a unique common fixed point in X.
1VV. AN APPLICATION.

Theorem 4.1 Let (X, M, *) be a fuzzy metric space, * being continuous t-norm define by a * b = min{a, b}for
all a, b in X. Suppose A, B be occasionally weakly compatible self maps on X satisfying the following condition
(41)  M(X) = N(X),
(4.2)  there exists ¢ € @ such that

M(AX, Ay, o(t)) > w[M(BX, By, t)], for all X, y, € X and t> 0,
where y : [0, 1] — [0, 1] is continuous function such that y(t) >t for all t € [0, 1].
If range of any one of the maps A or B is complete, then A and B have a unique common fixed point in X.
Proof. Assuming f(x, y) = A(x) and g(x) = A(x) for all x,ye X in theorem 3.1, we get the proof.
Taking ¢(t) = kt, ke (0, 1) and y(t) = t, we have the following :
Corollary 4.1 Let (X, M, *) be a fuzzy metric space, * being continuous t-norm defined by a * b = min{a, b}for
all a, biin X. Suppose A, B be occasionally weakly compatible self maps on X satisfying (4.1) and the following
condition :
(4.2)  there exists k e (0,1) such that

M(AX, Ay, kt) > M(Bx, By, t), for all x,y € X and t > 0.

If range of any one of the maps A or B is complete, then A and B have a unique common fixed point in X.
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