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ABSTRACT
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I. INTRODUCTION

It proved a turning point in the development of mathematics when the notion of fuzzy set was introduced by
Zadeh[15], which laid the foundation of fuzzy mathematics. George and Veeramani [4] modified the concept of
fuzzy metric space introduced by Kramosil and Michalek[6].They also showed that every metric space induces
by fuzzy metric. In 1995 Cho, Sharma and Sahu[3] introduced the concept of semi compatibility of maps in d —
complete metric spaces.

Atanassov[2] introduced and studied the concept of intuitionistic fuzzy set, Alaca et.al[1] defined the notion of
intuitionistic fuzzy metric space, as Park[8] with the help of continuous t — norm and continuous t — conorm, as
a generalization of fuzzy metric space. Turkoglu et. al[13] introduced the notion of Cauchy sequence in
intuitionistic fuzzy metric space. They generalized the Jungck's [5] common fixed point theorem in intuitionistic
fuzzy metric space and proved the intuitionistic fuzzy version of Pant's theorem [7] by giving the definition of
weakly commuting and R-weakly commuting mapping in intuitionistic fuzzy metric space. Recently, Park [9]

proved some common fixed point theorems in intuitionistic fuzzy metric spaces.
1. BASIC DEFINITIONS AND PRELIMINARIES.

We begin by briefly recalling some definitions and notations from fixed point theory literature that we will use
in sequel, the concept of triangular norms (t - norm) and triangular conforms (t- conorms ) were originally
introduced by Schweizer and Skalar[10].

Definition 2.1. [10]. A binary operation *:[0,1]x[0,1]—[0,1] is called a t-norm * satisfies the following
conditions:

i * is commutative and associative,
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ii. * is continuous,
iii. a*1l=aforallae€[0,1],
iv. a*b<c*dwhenevera<candb<dforalla,b,c,de[0,1].
Examples of t-norm: a * b =ab and a * b=min{a, b}.

Definition 2.2[1]. A binary operation 0:[0,1]x[0,1]—[0,1] is said to be continuous t-co norm if it satisfied the
following conditions:
i. ¢ is associative and commutative,
ii. ¢ is continuous,
iii. a®0=aforalla€[0,1],
iv. a0b<c?Odwhenevera<candb<dforeacha,b,c,de[01]
Examples of t-conorm: a ¢ b = min(a+b, 1) and a 0 b = max(a, b)
Remark 2.1.[10] The concept of triangular norms (t-norm) and triangular conorms (t-conorm) are knows as
axiomatic skeletons that we use for characterizing fuzzy intersections and union respectively.
Definition 2.3. [1] A 5- tuple (X, M, N, *, 0) is called intuitionistic fuzzy metric space if X is an arbitrary non
empty set, * is a continuous t-rnorm, ¢ continuous t-conorm and M, N are fuzzy sets on X2 x [0,e0] satisfying
the following conditions:For each x, y, z, eXand t,s >0
(IFM-1) M(x,y, ) +N(x, v, ) < 1,
(IFM-2) M(x, y, 0) =0, for all x, y in X,
(IFM-3) M(x,y,t) =1 forall x, yin X and t > 0 if and only if x=y,

(IFM-4) M(x,y,t) = M(y,x,t), forall x,yin Xand t >0,

(IFM-5) M(x,y,t) * M(y,z,5) < M(x,z,t +s),

(IFM-6) M(x,vy,.):[0,0] = [0,1] is left continuous,

(IFM-7) lim;_, M(x,y,t) =1,

(IFM-8) N(x,y,0) = 1,forallx,yinX,

(IFM-9) N(x,y,t) = 0,forallx,yinX andt>0ifand only if x =y,
(IFM-10) N(x,y,t) = N(y,x,t),forallx,y in X and t>0,
(IFM-11)  N(x,y,t) O N(y,z,5) = N(x,z,t + s),

(IFM-12) N(x,y,.):[0,00) - [0,1] is right continuous,

(IFM-13)  lim,_,N(x,y,t) = 0,forallx,yin X andt > 0.
Then (M, N) is called an intuitionistic fuzzy metric on X. The function M(x, y, t) and N(x, y, t) denote the
degree of nearness and degree of non- nearness between x and y with respect to t, respectively.
Remark 2.2.[13]. An Intuitionistic Fuzzy Metric space with continuous t-norm* and continuous t-conorm ¢
defined by a * a>a, and (1-a) ¢ (1-a) < (1-a)for all a€ [0,1]. Then for all x, ye X, M(X, y, *) is non decreasing
and N(x, y, 9) is non increasing.
Example 2.1. [8] Let (X, d) be a metric space. Define a * b= ab and a 0 b =min{1, a+b }, for all a, b € [0, 1]

and let M and N be fuzzy sets on X2 x (0, o) defined as follows:

L _and N(x, y, t) = <2 forallx,y € X and all t > 0.

M(x, y, 1) = t+d(x,y) t+d (x,y)
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then (M, N) is called an intuitionistic fuzzy metric space on X. We call this intuitionistic fuzzy metric induced
by a metric d the standard intuitionistic fuzzy metric.
Remark 2.3. Note that the above examples holds even with the t- norm a * b = min{a, b} and t- conorm a ¢ b=
max{a, b}and hence (M, N) is an intuitionistic fuzzy metric with respect to any continuous t — norm and
continuous t — conorm.
Lemma 2.1.[13] Let (X, M, N, *, 0) Intuitionistic fuzzy metric space, If there exists k € (0, 1) such that for
allx,y € X, M(x,y, kt ) >M(x,y,t) and, N(x,y, kt) < N(X,y,t)
forallt>0, thenx =y.
Definition 2.4[1].A sequence {x,} in intuitionistic fuzzy metric space (X, M, N, *, 0) is said to be:
Cauchy sequence if for each t > 0,p > 0,

lim, Lo M(Xp4p Xn,t) = land lim, e N(X,4p xp,t) = 0.
Convergent to a point x € X if forall t >0,
lim,, ,, M(x,,x,t) = 1andlim,_. N(x,,x,t) = 0.

An Intuitionistic Fuzzy metric space (X, M, N, *, 0) is said to be complete if every Cauchy
sequence in it converges to a point in it.
Definition 2.5.[1] A pair of self mapping (A, S) of a intuitionistic fuzzy metric space (X, M, N, *, 0) is said to
be compatible if lim,,_,,, M(ASx,, SAx,,t) = 1 and lim,_,, N(ASx,,SAx,,t) = 0 for all t > 0. Whenever
{x,} is a sequence in X such that lim,,_,., Ax, = lim,,_, Sx, = u for some u € X.
Lemma 2.2.[2] Let {x,} be asequence in Intuitionistic fuzzy metric space (X, M, N, *, 0). If there exists a
number k € (0, 1) such that M (x,,2, X1, kt) = M(x, 41, %, ,t) and N(x, 12, X 11, kt) < N(x, 41, %, , t) fOr
allt>0,and n € N. Then {x,} is Cauchy sequence in X.
Throughout in this section, let(X, M, *) denote a fuzzy metric space. We recall the following definition and
propositions in fuzzy metric spaces.
Definition 2.6.[12] A pair (A, S) of self mappings of a fuzzy metric space is said to be semi compatible if
lim,, ., ASx, = Sx whenever {x,} is a sequence in X such that lim,_,., Ax, = lim, ., Sx,, =x.
It follows that (A, S) is semi compatible and Ay = Sy imply ASy = SAy by taking {x,,} =y and x = Ay = Sy.
Definition 2.7. [9] A pair (A, S) of self mappings of an Intuitionistic fuzzy metric space is said to be semi
compatible if lim,,_,., ASx,, = Sx whenever {x, } is a sequence in X such that lim,, _,,, Ax,, = lim,_,., Sx, =x.
It follows that (A, S) is semi compatible and Ay = Sy imply ASy = SAy by taking {x,} =y and x = Ay = Sy.
Proposition2.1. In intuitionistic fuzzy metric space (X, M, N,*,0) limit of a sequence is unique.
For the proof of the above propositions\ one can use same techniques as in Singh et. al[12] .
Lemma 2.3.[9] Let A, B be self mappings of an intuitionistic fuzzy metric space (X, M, N,*,0). If B is

continuous then (A, B) is semi — compatible if and only if (A, B) is compatible.
I11. MAIN RESULT.
In this section, a fixed point theorem for four self maps using the concept of semi compatible maps has been

established which generalizes the results of Singh et. al [12], Park[9] from fuzzy metric space to intuitionistic
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fuzzy metric space. This result extends and generalizes many fixed point results in intuitionistic fuzzy metric
space.
Theorem 3.1. Let A, B, Sand T be self mappings of a complete intuitionistic fuzzy metric space (X, M, N, *,
0) satisfying
l.  A(X) c T(X),B(X) c S(X)
Il. Oneof A, B, Sand T is continuous.
I11. Pairs (A, S) and (B, T) are semi compatible.
IV. 3 some k € (0,1) such that forall x,y € X,t > 0.
M(Ax, By, kt) = MinifM (Sx,Ty,t), M(Sx,Ax,t), M( Ty, By,t), M(Sx, By, 2t), M(Ty, Ax, t)}
N(Ax, By, kt) < Max{N (Sx, Ty, t), N(Sx, Ax,t), N(Ty, By,t), N(Sx, By, 2t), N(Ty, Ax, t)}
V. forallx,y € X,M(x,y,t) > 1and N(x,y,t) > 0ast — .
Then A, B, Sand T have a unique common fixed point.
Proof.Let x, € X be any point. Since A(X) c T(X),B(X) € S(X), 3 x1,x; € X such that Ax, =
Tx,and Bx; = Sx,. Inductively we construct a sequence {y,} in X such that y,, ,; = Ax,, = Tx;,,,and
Yan+2 = BXony1 = Sx2512,(Van = Sx2,),n=0,1,2, ...
Using 1V, we have
M(Y2n+1 Yan+2, kt) = M(Axzp, BXoni1, kt)
2 Min{M (Sxzn, TX2n 41, ©), M(Sx2p, AXgn11, ), M(TX2n 41, BX2n 41, 1), M(Sxay,
Bxypi1, 2t), M(Tx2p 41, X2y, 1)}
= Min {M (Y25, Yon+1, ) M(Von, Yan+1, 0 M(V2n 41, Yons2, 0 M(V2n, Yan 42, 28), M(Vans1, Yan+1, 0}
= Min {M (Y2, Y2n+1, ), M(Van+1, Yani2 OM2n, Yant1, O MY2n i1, Yan 42, 28),1}
= Min{M (Y20, Y2n+1, ), M(Von+1, Yan+2, O} = MY2n 41, Yon, t)
and
N(V2n+1, Yan+2, kt) = N(Axzy, Bxgy i1, kt)
< Max{N(Sxzn, TXz2n 41, ), N(Sx2n, AXopn11,8), N(TXop11, BXon 41, 8),  N(Sxzp,
Bxyni1, 28), N(Txzp 41, AX2n, 1)}
< Max{N (Y25, Y2n+1, ), NVans Yon 41, ), NVant1 Yotz 1)y NVany Yona2 26), NOzn g1, Yan+1, £}
< Max{N(¥2n, Y2n+1,8), NVan+1, Yan+2, N Vons Yan+1, ), NVan 41, Yan+2, 2),0}
< Max{N ¥z, Yan+1, ) NVant1, Yant2, O} = NO2nt1, Yan, £
Since M(x,y,t) is non — decreasing, and N (x, y, t) is non — increasing.

Similarly we have M (V2,41, Yon, kt) = M (Yon, Yon—1,t)

and N(Yan+1,Yon kt) < N(Y2n, Y2n-1,t).
Hence M Y1, Yo k) = M (Y, Vo1, 1),
and NVpi1, Vo, kt) < Ny, v, 1, t), Torall n.

We show that 1imy, e, M (.45, Yo, kt) = 1 and lim, e N(¥p1p, ¥, kt) = 0 forallpandt> 0.
Now M(Yns1, Yn, k) 2 M(yn,yn_l, t/k)

=M (yn' Yn-1, t/kz)
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> M(yl,yo,t/kn) -1 aSt/kn S o0oasn - o
and N(yn+1'yn'kt) < N(yn'yn—lﬂt/k)

<N (yn' Yn-1, t/kz)

< N(yl,yo,t/kn) -0 aSt/kn —o00asn - o,
Thus the result holds for p = 1. By induction hypothesis suppose that the result holds for p = r. Now
M(yn' Yn4r+1s t)2 M(yn' Yn4r t/z) * M(yn+r' Yn4r+1 t/z) -»1x1=1

and N(v, Ynsr+1 ) N (Vs Yo t/z) * N(Vnsrs Ynar+1 t/z) - 0x0=0.
Thus the result holds for p = r + 1.
Hence {y,} is a Cauchy sequence in X and as X is complete we get {y,,} - z € X.
Therefore Axy, >z, Sxp, > Z (3.1)
Txn41 = 2, Bxani1 = 2. 3.2)
Case I. S is continuous.
In this case SAx,, = Sz, 3.3)
S§2x,, — Sz (3.4)
Also (A, S) is semi compatible
ASx,, — Sz, (3.5)

Step 1. Take x = Sx,,, Y = Xp,41 IN IV wWe get
M(ASX2n, Bxap 11, kt)= Min{M (SSxzp, TX2n41,t), M(SSx2p, ASXap11, 1), M(TX25 41, BXon41,8), M(SSX2p,
Bxyny1, 2t), M(Tx3p 41, ASX2p, £)}
and N(ASx,,,, Bxop i1, kt)< Max{N(55x2,, TXyn1+1,t), N(SSx3,,
ASxon11,8), N(TXon11, BXon 41, £), N(SSX2n, BXon 41, 28), N(T X241, ASXpp, £)}
Taking limit n — oo and using equation (3.1) to (3.5) we get

M(Sz,z, kt) = Min{M(Sz,z,t),M(Sz,5z,t),M(z,z,t), M(Sz,z, 2t),M(z,S5z,t)}

> Min{M(Sz,z,t),M(Sz,z,2t)} = M(Sz,z,t)
and N(Sz, z, kt) < Max{N(Sz,z,t),N(Sz,Sz,t),N(z,z1t),N(Sz, 2, 2t),N(z,Sz,t)}
< Max{N(Sz,z,t),N(Sz,z 2t)} = N(Sz,z,t)

Hence Sz =2z (3.6)
Step 2. Putx = z,y = x3,41 in IV we have
M(Az, Bxyp, 41, kt)= Min{M(Sz, Txy,41,t), M(Sz, Az, t), M(TXp, 11, BXop11,t), M(Sz,
Bxypi1,28), M(Txyp41, Az, 1)}
and N(Az, Bx,, 11, kt)< Max{N(Sz, Txy,41,t), N(Sz, Az, t), N(Tx3, 41, BXon11,t), N(Sz,
Bxyni1,2t), N(Txzp41, Az, 1)}
Taking limit n — oo and using equation (3.2) we get

M(Az, z, kt) = Min{M(Sz,z,t), M(z,Az,t),M(z,z,t), M(Sz,z2,2t),M(z, Az, t)}

= M(z,Az,t)
and
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N(Az, z, kt) < Max{N(Sz,z,t),N(z,Azt),N(z,z1t),N(Sz, 2, 2t),N(z, Az, t)}
= N(z,Az,t), using (3.6)

Thus Az=z= Sz 3.7)
Step 3. AX) c T(X), 3 u € X such that
Az=Tu=1z (3.8)

Put x = x,,, Yy =uin IV we have
M(Ax;,, Bu, kt)= Min{M(Sxy,, Tu,t), M(Sxs,, Axs,, t), M(Tu, Bu,t), M(Sx,,,
Bu, 2t), M(Tu, Ax,,,t)}
N(Axy,, Bu, kt)< Max{N (Sx,,, Tu,t), N(Sx3,, Axs,,t), N(Tu, Bu,t), N(Sx,,, Bu, 2t), N(Tu, Axy,, t)}
Taking limit n — oo and using equation (3.1) we get
M(z, Bu, kt) = Min{M(z,Tu,t), M(z,z,t), M(Tu, Bu,t), M(z, Bu, 2t), M(Tu, z, t)}
> Min{M(z,z,t),1, M(z, Bu,t), M(z, Bu,2t), M(z,z,t)}
> Min{M(z, Bu, 2t), M(z, Bu,t)} = M(z, Bu, t)
and N(z, Bu, kt) < Max{N(z,Tu,t),N(z,z,t), N(Tu, Bu,t), N(z, Bu, 2t), N(Tu, z, t)}
< Max{N(z,z1t),0,N(z, Bu,t), N(z, Bu, 2t), N(z, z,t)}, using (3.8)
< Max{N(z, Bu, 2t), N(z, Bu,t)} = N(z, Bu, t).
Thus z = Bu and we get Tu = Bu = z, and since (B, T) is semi compatible we get BTu = TBui.e.Bz = Tz.
Step4. Takex=zy=zinlV
M(Az,Bz, kt) = Min{M(Sz,Tz,t), M(Sz,Az,t),M(Tz,Bz,t),M(Sz, Bz, 2t), M(Tz, Az, t)},
and N(Az, Bz, kt) < Max{N(Sz,Tz,t),N(Sz,Az,t),N(Tz,Bz,t),N(Sz, Bz, 2t),N(Tz, Az, t)},
As Az =Sz =zand Bz = Tz we have
M(z,Tz, kt) = Min{M(z,Tz,t),M(z,2,t),M(Tz,Tz,t),M(z,Tz, 2t), M(Tz,z,t)},
M(z,Tz kt) = Min{M(z,Tz,t),M(z,Tz,2t)} = M(z,Tz,t)
and
N(z, Tz, kt) < Max{N(z,Tz,t),N(z,z1t),N(Tz,Tz,t),N(z, Tz 2t),N(Tz, z,t)},
N(z, Tz kt) < Max{N(z,Tz,t),N(z,Tz, 2t)} = N(z,Tz,t).
Thus z = Tz. Therefore Az = Sz = Bz =Tz = z.
Hence z is common fixed point of 4,S,B and T.
Uniqueness. Let zand z' be two common fixed points of the maps 4,5, B and T. Then Az = Sz = Bz =
Tz=zandz =Sz = Bz =Tz =z .Using IV, we get
M(z, 7, kt) = M(Az, Bz’,kt) >
Min{M(Sz,Tz ,t),M(Sz,Az,t),M(Tz ,Bz ,t),M(Sz, Bz ,2t),M(Tz , Az t)},
> Min{M(z,z ,t),M(z,z,t),M(z ,z ,t),M(z,z ,2t),M(z,z , t)}

> Min{M(z, z,t),M(z,z, 2t)} = M(z, 7z, t)
and N(z, z, kt) = N(Az, Bz, kt)
< Max{N(Sz,Tz ,t),N(Sz, Az t),N(Tz ,Bz ,t),N(Sz,Bz ,2t),N(Tz , Az, t)},

< Max{N(z,z, t),N(z, zt), N(Z,, z,t), N(z, z,20), N(z, z, t)}
< Max{N(z, z,t), N(z, z,2t)} = N(z, z, t).
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Thus z = z'. Hence z is the unique common fixed point of the four maps A, B, Sand T.

Case 2. A is continuous.
Using (3.1) and (3.2) and continuity of A we get

A%z,, > Az (3.9)
ASx,, - Az (3.10)
Since (A, S) is semi compatible

lim,, ., ASx,, = Sz (3.11)

Using (3.10) and (3.11) we get Az = Sz, since limit s unique.
And rest of the proof follows from step Il on ward previous case.

Similarly we can prove the result using the continuity of B or T.

3.1 Corollary

Let A, B, S and T be four self maps of a complete intuitionistic fuzzy metric space (X, M, N, *, 0) with
continuous t — norm * and continuous t — conorm ¢ defined by a * b=min{a, b}and a ¢ b = max(a, b)
satisfying (1), (1), (111), (V) and for allx,y € X,t > 0 3 some k € (0,1) such that

(IV'YM(Ax, By, kt) > M(Sx,Ty,t).

Then A, B, Sand T have a unique common fixed point.

Proof. Here we have only one factor in condition (IV") as four factors as in condition (1) of Theorem 3.1, thus

the proof can be given on the line of that of Theorem 3.1.

3.2 Corollary
Let A, B, S and T be four maps of a complete intuitionistic fuzzy metric space (X, M, N, *, 0) with continuous t
—norm * and continuous t — conorm ¢ defined by a * b=min{a, b}and a ¢ b = max(a, b) satisfying
A"(X) c TP (X),B"(X) c §S9(X), wheren,m,p,q € N
AS =SA,TB = BT
Sand T are continuous.
Pairs (A™,S9) and (B™, T?) are semi compatible.
forallx,y € X, M(x,y,t) > 1and N(x,y,t) > 0ast - oo,
I some k € (0,1) such that forall x,y € X,t > 0.
M(A™x, B"y, kt)

> MinffM (S9x, TPy, t), M(S%x, A" x,t), M(T?y,B"y,t), M(S%x, B"y, 2t), M(T?y, A™x, t)}
and
N(A™x,B™y, kt) < Maxi{N(S%x,T?y,t),N(S9x,A™x,t),N(T?y,B"y,t),N(S%x,B"y,2t), N(TPy, A" x,t)}
Then A, B, Sand T have a unique common fixed point.
Proof. Since AS = SA and TB = BT we get A™S7 = S7 A™ and B"T? = TP B". Since S and T are continuous
we get S7 and TP are also continuous. We want to show (4™, S9) and (B™, TP) are semi compatible. Consider
the sequences {A™x;} and {S%x;} which converge to x. As S? is continuous we get {S9A™x;} converges to S7x

which imply {A™S59x;}converge to S9x.
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Thus (A™,S?) is semi compatible. Similarly (B, TP) is semi compatible. By theorem 3.1, A™, B®,S% and TP
have a unique common fixed point z i.e. A"z = B"z = Sz =TPz = z.

Now Az = A(A™z) = A™(Az)and Az = A(S9z) = S9Az. Hence Az is a common fixed point of A™ and S9.
Similarly Bz is common fixed point of B™ and T?.

Now put x = Azand y = Bz in IV, we get = Bz .

Hence z = Az = Bz . Similarly we can prove z = Sz = Tz.

Thuswe have z = Az = Bz = Sz =Tz.

Hence z is the unique common fixed point of A,B,S and T.
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