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ABSTRACT

In this paper the terms left primary I-ideal, lateral primary I-ideal ,right primary [-ideal ,primary I'-ideal, left
primary ternary I-semigroup , lateral primary ternary I'-semigroup , right primary ternary I'-semigroup ,primary

ternary I'-semigroup are introduced.lt is proved that A be an I'-ideal in a ternary I'-semigroup T and if X,Y,Z are
three I-ideals of Tsuchthat1) XIYIZ cAand YZA, Z £Athen X © «/K iff X,y,z €7, <x> I'<y>I'<z> CA
and yeA, 2eA, x A 2 XTYTZ cAand X ZA Z ZAthenY € /A iffxyz €T, <x> I'<y> I'<z> CA
and xgA, z&A, y€ \/K 3) XI'YTZ cAand X ZAY £AthenZ& \/K iff X,y,z €T, <x> I'<y>I'<z> €A

and X&A yeEA € \/K Further it is proved that if T be a commutative ternary
I-semigroup and A be a I'-ideal of T then the conditions 1) A is left primary ternary I'-ideal . 2) XT'Y I'Z < A and

YZA Z ZAthenX © \/K 3) XYz €T, <x>I'<sy>I'<z> €A and ygA, z€A, X € \/Kare equivalent. It is also

proved that if T be a commutative ternary I'-semigroup and A be a I'-ideal of T then the conditions (1)A is lateral
primary ternary I-ideal. 2) XT'YTZ cAand X €A, Z £AthenY < «/K 3) XY,z ET, <x>I<y>T<z> CA
and xgA, z¢A, y€E \/K Further the conditions for an I-ideal in a commutative ternary I'-semigroup T, 1) Ais
right primary I-ideal 2) XI'YTZ cAand X £A Y £Athen Z& «/K 3) XY,z €T, <x> I'<y> I'<z> S Aand

XA, yEA , z€ \ A are equivalent . It is proved that every Iideal A in a ternary I-semigroup T, 1) T is a left
primary iff every I'-ideal A satisfies X,Y,Z are three I'-ideals of T such that XI'YTZ €A and YZA,Z £ Athen X

is a right primary iff every I'-ideal satisfies X,Y,Z are three I'-ideals of T suchthat XI'YTZ €A and X A, Y £A
thenZ€ VA |tis proved that T be a ternary I-semigroup with identity and M be the unique maximal I'-ideal in T.
If «/K = M for some ! -ideal A in T then A is a primary I'-ideal. Further it is proved that if identity and M is the
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unique maximal I'-ideal of T then for any odd natural number n, (m I" )™ m is a primary I-ideal of T . It is proved
that if A is a I-ideal of quasi commutative ternary I'-semigroup T then 1) A is primary .2) A is left primary 3) A is
lateral primary 4) A is right primary are equivalent.

Subiject Classification: 16Y30, 16Y99

Keywords: Left primary I'-ideal lateral primaryl-ideal , right primary I'-ideal , primary I'-ideal , left
primary ternary I'-semigroup , lateral ternary I'-semigroup , right ternary I'-semigroup , primary

ternary I'-semigroup .
I INTRODUCTION

The literature of ternary algebraic system was introduced by D. H. Lehmer [8] in 1932. He investigated certain
ternary algebraic systems called triplexes which turn out to be ternary groups. Dutta and Kar [7] have introduced the
notion of ternary semi rings and characterized many results in terms of regular ternary semiring. In the year 1980,
A. Anajneyulu made a study of primary ideals in semigroups. Later, in the year 2011, D. Madhusudhana Rao
extended those results to I'-semigroups. Further, D. Madhusudhana Rao and Ch. Manikya Rao applied those notions
to ternary semigroups. In this paper we mainly introduce the notion of primary ternary I'-ideals of ternary I'-

semigroup and characterize those primary ternary I'-ideals.

Il PRELIMINARIES

Definition 2.1: Let T and ' be any two non-empty sets. T is called a ternary T-semigroup if there exists a
mapping from Tx I'<x Tx [ x T to T which maps (a,b,c,0,8 ) — aobfc satisfying the condition (aabfc)ydoe =
aa(bficyd)de = aabf(cydoe) V ab,c,de €T, a,f,0€T.

Note 2.2: Let T be a ternary I' —semigroup. If A,B,C are subsets of T we shall denote the set { aabfc : a €A, b €B,
CeC,apElr)byAIBIC.

Definition 2.3: An element a of a ternary I' —semigroup T is said to be left identity of T provided aaafit =t Vt €T,
op €erl.

Definition 2.4: An element a of a ternary I'-semigroup T is said to be right identity of T provided taafa =1t V't
eET,ope€erl.

Definition 2.5: An element a of a ternary I" —semigroup T is said to be two sided identity or an identity provided it

is both left identity and right identity.

Note 2.6: Let T be a ternary I —semigroup. If T has an identity, let T"= T and if T does not have an identity , let T*

be the ternary I' —semigroup T with an identity adjoined usually denoted by symbol 1.
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Definition 2.7: A ternary I' —semigroup T is said to be commutative provided alblc=blalc=clalb=clbla
=blcla Vab,c €T.

Definition 2.8: A ternary I' —semigroup T is said to be quasi commutative provided for all a,b,c € T there exists an

odd natural number n such that aabac = (ba)"aac = bacoa = (ca)"baa = caaob = (aa)"caa Vab,c €T, a €I .

Definition 2.9: A ternary I'-semigroup T is said to be globally idempotent ternary I'-semigroup provided T/ T/'T =
T.

Definition 2.10: A ternary I —semigroup T is said to be left duo ternary I'-semigroup provided every left ternary

I'-ideal of T is a two sided ternary I'-ideal of T.

Definition 2.11: A ternary I" —semigroup T is said to be right duo ternary I'-semigroup provided every right

ternary I'-ideal of T is a two sided ternary I'-ideal of T.

Definition 2.12: A ternary I' —semigroup T is said to be duo ternary I'-semigroup provided it is both left duo

ternary I —semigroup and right ternary I' —semigroup.

Definition 2.13: A nonempty subset A of a ternary I'-semigroup T is said to be right ternary I'-ideal provided A I'T
ITCA.

Definition 2.14: A nonempty subset A of a ternary I" -semigroup T is said to be two sided ternary I'-ideal provided

it is both left and right ternary I'-ideals of T.

Definition 2.15: A ternary I'- ideal A of a ternary I" —semigroup T is said to be principal ternary I'-ideal provided

Ais aternary I'-ideal generated by single element a . It is denoted by J[a] = <a>.
Note 2.16: If T is a ternary [-semigroup and a€ T then <a> = J[a] = atal TI TUTT Tl aUTTal' T = T IT-Tal T T .

Definition 2.17: A ternary I'- ideal A of a ternary T' —semigroup T is said to be a completely prime ternary I'-

ideal provided x I’y Iz €A VX, Y,z €T implies either x €A or yeA or ze A.

Definition 2.18: A ternary I'- ideal A of a ternary I' —semigroup T is said to be a prime ternary I'- ideal provided
XTYT'Z < Awhere X,Y,Zare ternary I'-ideals then either XSAor YSAor ZCA.

Definition 2.19: A ternary I'- ideal A of a ternary I' —semigroup T is said to be a completely semiprime ternary

I'- ideal provided x I'x I'x £ A; x €T implies either x €A.

Definition 2.20: A ternary I'- ideal A of a ternary I" —semigroup T is said to be a semiprime ternary I'- ideal

provided x T'x T I'x I'x € A; X € T implies either x € A.

Theorem 2.21: Every prime ternary I'- ideal of a ternary I'-semigroup T is a semiprime ternary I'- ideal of T.
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Definition 2.22: A ternary I'- ideal A of a ternary I" —semigroup T is said to be semipseudo symmetric ternary I'-

ideal provided for any odd natural numbern, x €7, (x I)"™ x €A = (<x>I)"'<x> CA .

111 PRIMARY TERNARY I' —-IDEALS

Definition 3.1: A ternary T'- ideal A of a ternary T" —semigroup T is said to be left primary ternary I'-ideal
provided

1. If X, Y, Z are three ternary I'- ideals of T suchthat X" YI'Z <A and YZA,Z £Athen X < «/K
2. \J A isaprime ternary T- ideal of T.

Definition 3.2: A ternary I'- ideal A of a ternary I'-semigroup T is said to be lateral primary ternary I'- ideal
provided

1. 1f X, Y, Z are three ternary I'- ideals of T suchthat X " YI'Z c Aand XZA,Z £AthenY _C«/K .
2. \J A isaprime ternary I- ideal of T.

Definition 3.3: A ternary I'- ideal A of a ternary I' —semigroup T is said to be right primary ternary I'-ideal
provided

1. If X, Y, Z are three ternary I'- ideals of T suchthat X" YIZ €A and XZA,Y £AthenZ < \/K .
2. A is a prime ternary T- ideal of T.

Definition 3.4: A ternary I'- ideal A of a ternary I'-semigroup T is said to be primary ternary I'-ideal provided A

is left primary ternary T'-ideal , lateral primary ternary T'- ideal , right primary ternary T- ideal.
Theorem 3.5: Let A be a ternary I'-ideal of a ternary I'-semigroup T. If X, Y, Z are three ternary I'-ideals of

T such that XI'Y I'Z cAand Y €A, Z ZAthen X € /A iff <x>I'<y>I'<z> CAand yeA, 2eA, x eJA.
Proof: Suppose that A is a ternary I' — ideal of a ternary I — semigroup T and if X, Y, Z are three ternary ['-ideals

of Tsuchthat XTYTZCA andy € A,z & Athenx © «/K
Letx,y,zeT,y&€A,z¢ A.Then <x>I'<y>I'<z>C XIYIZCS Aand<y>Z A,<z> ¢ A.

~ by supposition <x>I'<y>I'<z> C Aand <y >ZA, <z >ZA = <x>C \/K . W XE «/K

Conversely suppose that x,y,z € T, <x>T<y>I<z>< A and y¢A, zZAthenx e \/K
Let X, Y, Z be three ternary I' — ideals of T such that XTY TZ € Aand yZA , zZA .

Suppose if possible X & «/K . then there exists x € X such that x & «/K .

SinceYQQA,IetyeYsothatyeé«/K.SinceZ%A,Iet Z€Z sothatz Q\/K.
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Now <x>TI'<y>I'<z>C XT YT Z € Aand y¢A , z¢A = X € \/K It is a contradiction. Therefore, x € \/K

Therefore if X, Y, Z are three ternary I" — ideals of T such that X T'Y T'Z €A and yZA , z£A then X < «/K . Hence

the theorem.

Theorem 3.6: Let A be a ternary I'-ideal of a ternary I'-semigroup T. If X, Y, Z are three ternary I'-ideals of

Tsuchthat XI'YI'Z cAand X €A, Z £AthenY & «/K iff <x>I'<y>I<z> CcAand XA, z€A, y E\/K.

Proof: The proof is similar to the theorem 3.5.
Theorem 3.7: Let A be a ternary I' — ideal of a ternary I'-semigroup T. If X, Y, Z are three ternary I'-ideals

of Tsuchthat XIryrZz cAand X A,Y €A then Z c «/Ksz <x>TI<y>I<g> cAand xgA, ygA, 7z €

JA.

Proof: The proof is similar to the theorem 3.5.

Theorem 3.8: Let T be a commutative ternary I' — semigroup and A is a ternary I'-ideal of T. Then the
following conditions are equivalent.

1. Aisaprimary ternary I'- ideal

2. X,Y, Zare three ternary I'-ideals of T, XI'YT'Z €A and YA ,ZZ Athen X c \/K
3.XY,2€T,xI'yIl'z cA , yg& A z&Athen x E\/K.

Proof: (1) = (2) : Suppose A is a primary ternary I'— ideal of T . Then A is a left primary ternary I'— ideal of T. So,
by definition 3.1, we get X, Y, Z are three ternary I'—ideals of T , XT'YITZ €A, YZAZZA =X C «/K

XyzZ€eT, xI'yI'z € A, YA , z¢A , xI'yI'z € A = <x>T'<y>I'<z> € A . Also, YA , z¢A . Now <x>I'<y>I'<y>
C Aand <y>Z A, <z>ZA. - by assumption <x > C «/K SXE JK

(3) = (1): suppose xy,z €T, x [y 1z €A, ygA zgAthenx € ‘/K Let X, Y, Z are three ternary [— ideals of T,
XI'YITZ €A and YZA, ZZA = there exists yeY, z€Z such that ygA, z&A .

Suppose if possible X,@‘\/K . Then there exists xeX such that x&‘\/z )

Now I ¥z EXITYIZ €A. ~xI'yl[z €Aand ygA, z¢A and xZA . It is a contradiction.

= XENA Letxyz €T, Tz € A Supposey&"\/z ,z&"/z :

Now x [v[z € JA > (XFyI"zF)m'1 for some odd natural number m = )™ xI'o:D)™Yrn™z €A = D™y

24, @)z 2 5™ x €A Sy e JWA) = VA
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\/K is a completely prime ternary I'-ideal and hence \/K is a prime ternary I — ideal.

~ Ais a left primary ternary T'-ideal. Similarly, A is a right primary ternary I'-ideal and A is a lateral primary ternary
I'-ideal. Hence A is a primary ternary I'-ideal.

Note 3.9: In an arbitrary ternary I'-semigroup a left primary ternary I' — ideal is not necessarily a right

primary ternary I' — ideal.

Theorem 3.10: Let T be a commutative ternary I' — semigroup and A is a ternary I' — ideal of T . Then the
following conditions are equivalent.

1. A'is a primary ternary I' — ideal.
2. X,Y, Zare three ternary I' —ideals of T, X TY IT'Z € A and X€A,ZZ€A then Y © JK

3.x,y,zeT,xXIY[ZE A xgA, zgA thenx € \/K

Proof: The proof is similar to theorem 3.8.

Theorem 3.11: Let T be a commutative ternary I' — semigroup and A is a ternary I' — ideal of T. Then the
following conditions are equivalent .

1. A'is a primary ternary I' — ideal.

2.X, Y, Z are three ternary T — ideals of T, XI'YTZ € A , x¢A YZA then Z € VA |

3.xy zeT, TYTZE A, xgA, ygAthenze VA

Proof: The proof is similar to theorem 3.8 .
Theorem 3.12: Every ternary I'-ideal A in a ternary I'- semigroup T is left primary iff every ternary I'-ideal

A satisfies that X,Y,Z are three ternary I'-ideals of T such that XTYTZ CAandYZ A ,ZZA = XC \/K )

Proof : If every ternary [ —ideal A in T is left primary then clearly every ternary I' — ideal satisfies if X,Y,Z are

ideal in T. Suppose that < X >I'<Y >[<Z > ¢ «/K f<Y > ¢.«/K7 <Z> ;';\/K then by our assumption

x € x/\/K = «/K Therefore ‘/Kisa prime ternary I-ideal . Hence Ais left ternary.

Theorem 3.13: Every ternary I'-ideal A in a ternary I'-semigroup T is lateral primary iff every ternary I'-
ideal A satisfies that X, Y, Z are three ternary I'-ideals of T such that XIT'YTZ S Aand X €A, ZZA =Y C

VA,

Proof: The proof is similar to theorem 3.12.
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Theorem 3.14: Every ternary I'-ideal A in a ternary I'-semigroup T is right primary iff every ternary I'-ideal

A satisfies that X, Y, Z are three ternary I'-ideals of T such that XTYTZ S Aand X €A, YZA =Z¢C \/K

Proof : The proof is similar to theorem 3.12.

Definition 3.15: A ternary 1-semigroup T is said to be left primary provided every ternary I'-ideal in T is a left

primary ternary I'-ideal.

Definition 3.16: p ternary I'-semigroup T is said to be lateral primary provided every ternary I'-ideal in T is a

lateral primary ternary I'-ideal.

Definition 3.17: p ternary I'-semigroup T is said to be right primary provided every ternary I'-ideal in T is a right

primary ternary I'-ideal.

Definition 3.18: A ternary I'-semigroup T is said to be primary provided every ternary I'-ideal in T is a primary

ternary I'-ideal .

Theorem 3.19: Let T be a ternary I'-semigroup with identity and let M be the unique Maximal ternary I'-
ideal of T. If VA = M for some ternary I'-ideal of T then A is a primary ternary I'-ideal.

Proof: Let <x> I <y> I'<z> cAand ygh  2¢A . Ifx & A then <x> £ JA - M. Since M is union of all

proper ternary I' —ideals of T, we have <x> =T and hence <y> = <z> = <x> [<y> [<z> C \/K Itisa

contradiction. Therefore, x € \M Let <x> I'<y>['<z> & ‘/Kand <y> & ‘/K <> £ JA . Since M is the
Therefore <x> & ’\/K Similarly, if <x> & ‘/Kthen <y> & ‘/K <> € JA and hence JA - M is a prime

ternary I' —ideal . Thus A is left primary. By symmetry it follows that A is right primary, lateral primary. Therefore,

A is a primary ternary I" — ideal.

Note 3.20: If a ternary I' semigroup T has no identity then the theorem 3.19 is not true even if the ternary I'—

semigroup T has a unique maximal ternary I'-ideal.

Theorem 3.21: If T is a ternary I-semigroup with identity then for any odd natural number n, (mI" )™ m is

primary ternary I'-ideal of T where m is unique maximal ternary I'-ideal of T.

. . . . . . -1
Proof: Since M is the only prime ternary T-ideal containing (m I' )™ m , we have (m T )n M = m and hence
by theorem 3.19 , (m " )™ m is prime ternary I'-ideal .

Note 3.22: If T has no identity then theorem 3.21 is not true.
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Theorem 3.23: In Quasi commutative ternary I'-semigroup T a ternary '-ideal A of T is left primary iff right

primary.

Proof: Suppose A is a left primary ternary I'-ideal. Let x I’y Iz € A. Since T is a quasi-commutative ternary I'-
semigroup we have x Iy Iz =y Iz Ix=(zI)" zIyIx =zIxIy= (x I)" x Iz I'y for some odd natural number n.

So )™ zIyIx €Aand x €A,y &A. Since A is left primary we have (z 1)™ z € </ A and since «/K is

prime ideal z € \/K . Therefore A is a right primary ternary I'-ideal.
Similarly, we can prove that if A is a right primary ternary I'-ideal then A is a left ternary I'-ideal.

Theorem 3.24: In a quasi-commutative ternary I'-semigroup T a ternary I'-ideal A of T is left primary iff A is
lateral primary.

Proof: Suppose that A is a left primary ternary I'-ideal. Let x Iy Iz €A and x € A, z ZA. Since T is quasi
commutative ternary I'-semigroup we have x Iy Iz =y Iz Ix =)' zIyIx =zIx Iy = (x )" x Iz Iy for

some odd natural number n. So y Iz I'x € Aand x €A, z¢A . Since A is left primary we have y € \/Kand since

\/K is prime ternary I'-ideal, y € \/K . Therefore, A is lateral primary ternary I'-ideal.

Similarly we can prove that if A is a lateral ternary I'-ideal then A is left primary ternary I'-ideal .

Corollary 3.25: If A is a ternary I'-ideal of quasi commutative ternary I'-semigroup T then the following are
equivalent

1. Alis primary

2. Ais left primary

3. Ais lateral primary

4. Ais right primary.

IV CONCLUSION
In this paper, efforts are made to introduce the notion of primary ternary I'-ideals in ternary I'-semigroups and

characterize them. This literature of primary ternary I'-ideals can use many other algebraic strictures.
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