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ABSTRACT

The higher order systems (HOS) are generally costly and tedious for the analysis purpose. Also, the exact
analysis of HOS is very much complex for computation and synthesis. Hence, certain simplification procedures
based on practical model consideration or using the mathematical computation techniques are widely used to
get lower order systems (LOS) in place of original HOS. The analysis of LOS is easier and faster. The present
work deals with a simple mathematical method known as stability equation in order to obtain LOS. Results
obtained from stability equation have been compared with original HOS and also with the other lower order
systems already available in the literature. Time response specifications such as: rise time, settling time, peak
and peak time have also been compared for HOS & LOS. A comparative study of ISE has also been carried out
in the present work for HOS and LOS.
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I INTRODUCTION

Nowadays, all industries are becoming much complex to perform tasks because of increment in consumers and
technologies. Power and control industries have also become the necessities in order to build a system which
gives the most economical and appropriate results with least amount of cost. The higher order systems are
generally very common in these industries which are much complicated, time consuming for analyst and costly
for the synthesis.

Hence, simplification procedures based on either biological approaches or by using any mathematical
algorithms are required to reduce a HOS into its equivalent LOS without excluding original HOS’s
characteristics in reduced LOS. Such techniques for obtaining lower order models from original HOS are known
as Model order reduction (MOR) techniques [1-5]. There are various MOR techniques available in the literature
to reduce any higher order system into its lower order system [6-9]. In the present work, an algorithm based on
stability equation has been used to simplify the HOS. The results obtained from stability equation are
comparable in performance with the other existing methods already available in the literature. The method gives
better results in comparison to other existing methods, as shown in numerical examples. It has been observed
that the stability of original HOS is preserved in its LOS.

The paper is organized as follows: In section 2, the problem formulation is given. The technique used for order
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reduction in present work, i.e. stability equation has been explained in section 3. Two numerical examples

elaborating the suggested stability equation method have been given in section 4. Further, the conclusions

obtained from the present carried out comparative study have been given in section 5 followed by the references.

Il STATEMENT OF PROBLEM

Consider the following SISO higher order system of order ‘n’:

n

b.s

M)

G(s) =2

Zn: a,s'

i=0
where, a; and b; are constants for i=1, 2...n.
The important requirement of any reduced order model is that it should contain all the basic important features
of the original HOS [6]. If ‘r’ represents the order of LOS which is lesser than ‘n’, then, the reduced LOS of the

system in (1) can be given as:

R(s) = £ @)
where, ¢; and d; are unknown coefficients which have to be obtained by suggested stability equation method.

11 STABILITY EQUATION METHOD
Assuming a higher order transfer function of the system as shown:

aS"+b,  s™+..b,s+b,

b
G(s) = n n1
a,s"+a,,s"'+..a,5+a,

®)

G(s) = % 4

(4) is the symbolic representation of (3), The N(s) and D(s) are the numerator and the denominator of G(s)

respectively. The order of D(s) is n and the order of N(s) is m such that n > m.

In order to get the reduced LOS, the steps of stability equation are[12] :-

The numerator and the denominator of (4) are divided in even and odd parts. If the even and odd parts are
subscripted by ‘e’ and ‘o’ respectively, then the even and odd polynomials of numerator may be represented by
Ne(s) and No(s) respectively. Similarly, the even and odd polynomials of denominator can be represented by

D¢(s) and Dy(s) respectively. Therefore, the system in (4) may be represented as:

N, (s) + N,(5)

¢® =5 5D,

®)
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> bis'+ i b,s'
G(S) _ i:O‘nZA i:i,a‘s (6)
2 a s + 2, s
N, =3 bs’
N,(s)= > b,s'
2, ™
D.(s)= ) a;s’
Du(s):'zn: a,s'

Roots of Ne(s) and N,(s) are called zeros z;(s) and that of D¢(s) and Dy(s) are called poles p;(s). In this method, a
polynomial is reduced by successively discarding the less significant factors. By this method, the numerator and
denominator are reduced and the ratio of reduced numerator and denominator gives the reduced order model.

The denominator is separated as follows:

D(s)=D_(s)+D,(s) ©)
where,

D.(s)=a,+a,s*+a,s"+.. ©)

D,(s)=a,s+a,s’+a,s°+..

Then (9) can be written as follows:

S
z

2)
‘ (10)
D,()=a,s[] @+ ; )

D, -a, ] 1+

where, k; and k; are integer parts of n/2 and (n-2)/2 respectively and z12 < p12 < z22 < p22... by discarding the

factors with larger magnitude of z; and p;, the reduced stability equations of required order r now becomes:

D.(=a,[] @+
i=1 Zi (11)
SZ

D, (9 =a, [T+

where, r; and r, are the integer parts of r/2 and (r-1)/2, respectively. The reduced denominator of the system is
given as:
D, (s)=D (s)+D (5) (12)
The numerator of the reduced system can be represented as:
N,(s)=N, (5)+N, (s) (13)
Therefore the complete system of the r™ order reduced model can be given as in (14):

N er (S)+ N or (S) (14)

RO =5, 9D,

It is to be noted that poles and zeros with smaller magnitude are more dominant than those with larger
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magnitudes and therefore poles and zeros with larger magnitudes are discarded. Thus, the ROS preserves the

dominant performance of the original HOS.

IV NUMERICAL EXAMPLES

In this section, two numerical examples have been given to elaborate the suggested stability equation method.
The performance index ISE known as integral square error in between the transient parts of HOS and LOS has
also been calculated to measure the goodness of the LOS (i.e. smaller the ISE, the closer is R(s) to G(s)), which

is given by:
LSE =] Iy(t) -y, ()]° dt (15)

where, y(t) and vy, (t) are the unit step responses of original and reduced order systems.

4.1 Example-1. Consider a SISO HOS of 4™ order given by [13]:

s3+7s%+24s5+24 (16)
s*+10s°+35s52+50s5+24

G 4 (S) =
4.1.1 ROM using Stability Equation method
Reduction of numerator:
The numerator of (16) with its even and odd terms is given as:
N(s) =s®+7s%+24s+24

—s3424s+7s2+24 (17)

odd even

Step-1: Reduction of 3" order numerator to a 1 order:

N(s) = s%+7s%+24s5+24

1 7
=24s(1+ Z__V‘L s%)+24(1+ Z_‘L s?%)
00467 020167
=245+ 24 (18)
Reduction of denominator:
The denominator of (16) with its even and odd terms is given as:

D(s) = s*+10s%+35s52+50s+24

=s*+3552+ 24 + 10s°+ 50s (19)

even odd

Step-1: Reduction of 4" order denominator to a 2™ order:

1 10
D(s) = 355%(1+ — s?)+50s(l+=—=s%)+24
(s) ( = ) ( =0 )

—— ——
=0.0285 =02
= 3552 + 505 + 24 (20)

The 2™ order reduced model from (18) and (20) is given as:

N,(s)  24s+24
D,(s) 35s?+50s+24

R,(s)= 1)
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4.1.2 Comparison of Step and Frequency responses
In order to verify the applicability of the LOS from suggested stability equation method and reduced order
models already available in the literature for the same HOS by the other researchers, the step and frequency

responses have been compared, as shown in Figs. (1-4).

Step Response
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Fig.1. comparison of step responses of HOS (4" order) and LOS (2™ order).
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Fig.2. comparison of frequency responses of HOS (4" Order) and LOS (2™ order)

4.1.3 Comparison of Stability Equation with other Existing Methods [8, 9]
2" order LOS of (16) obtained by Desai S.R. et al. [8] is:

0.7645s + 1.689 22)

G,(s) =
2() s 2+ 2.591s + 1.689
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2" order LOS of (16) obtained by Pati A. et al. [9] is:
s + 24.0096
G,(8) = (23)
S°+ 27.0096s + 24.0096
Step and frequency responses have been compared as shown in Figs. (3-4):
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Fig.3. Comparison of Step Responses.

Bode Diagram
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Fig.4. Comparison of Frequency Responses.

Table 1. Comparison of Transient Response Parameters

10°

System Rise Time(sec) Settling Time(sec) Peak Peak Time(sec)
Original HOS (4™ Order) 2.2602 3.9307 0.9991 6.9770
LOS (2" Order) 2.3008 3.3764 1.0125 5.2144
Desai SR et al. [8] 2.2616 3.8443 1.0000 9.6778
Pati A et al. [9] 2.3875 4.2478 0.9996 8.4934
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Table 2. Comparison of Reduced Models

Method Reduced Models ISE
Stability Equation method 245+ 24 0.0035
355%+50s + 24
Desai SR et al. [8] 0.7645s + 1.689 0.7417
s%+2.591s +1.689
Pati A etal. [9] s + 24,0096 0.0011
2 + 27.00965 + 24.0096

4.2 Example-2. Consider a SISO HOS of 4" order given by [12]:

3 2
Gy (s) = 2483 +43965 +128005+2400 (24)
25" +36s” +204s° +360s + 240
4.2.1 ROM using Stability Equation method

reduction of numerator:

The numerator of (24) with its even and odd terms is given as:

N (s) =28s°+ 4965 + 18005 + 2400

= 28s°+1800s + 4965 + 2400

(25)
Step-1: Reduction of 3" order numerator to a 1 order:
N (s) =1800s (1 + 28 s2) +2400(1 + 4% s2)
1800 2400
=00, ol
= 0.0156 = 0.20667
=1800s + 2400 (26)
Reduction of denominator:
The denominator of (24) with its even and odd terms is given as:
D(s)=2s*+365°%+ 204s 2+ 3605+ 240
= 25“+ 20452+ 240 + 365°+ 3605 (27)
even odd
Step-1: Reduction of 4™ order denominator to a 2" order:
2 2 36 .
D(s)=204s“(1+ — s°) +360s(1+ — s“) +240
204 360
—— ——
=0.0098 =0.10
= 20452+ 3605 + 240 (28)

The 2™ order reduced model from (26) and (28) is given as:

1800 s + 2400
R, (s)= 29
= () 204 s 2 + 3605+ 240 (29)

4.2.2 Comparison of Step and Frequency responses

In order to verify the applicability of the LOS from suggested stability equation method and reduced order

models already available in the literature for the same HOS by the other researchers, the step and frequency
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responses have been compared, as shown in Figs. (5-8).
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Fig.5. comparison of step responses of HOS (4" order) and LOS (2" order).
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Fig.6. comparison of frequency responses of HOS (4" order) and LOS (2™ order).

4.2.3 Comparison of Stability Equation with other Existing Methods [10, 12]
2" order LOS of (24) obtained by Lodhwal P. et al. [10] is:

14s + 410.256 (30)

R,(s) = —— =
=() s? +1.7855+1.19

2" order LOS of (24) obtained by Chen T.C. et al. [12] is:

8.93s +1.19 (31)

R,(§)= ———> =¥
2() s2+1.7855+1.19

Step and frequency responses have been compared as shown in Figs. (7-8).
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Fig.7. Comparison of Step Responses.
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Fig.8. Comparison of Frequency Responses.
Table 3. Comparison of Transient Response Parameters
System Rise Time(sec) Settling Time(sec) Peak Peak Time(sec)
Original HOS (4" Order) 1.6920 2.5514 10.0443 3.9460
LOS (2™ Order) 1.6150 4.3379 10.2711 3.4483
Lodhwal P et al. [10] 4.5602 8.1197 29.2387 16.2215
Chen TCetal. [12] 0.0990 4.6801 3.7664 1.1168
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Table 4. Comparison of Reduced Models
Method Reduced Models ISE
Stability Equation Method 18005 + 2400 0.5787
20457 +3605+240
Lodhwal P et al. [10] 14s + 410.256 1.4619
$2+1.785s +1.19
Chen TC etal. [12] 8.93s+1.19 1.0465
s2+17855+1.19
V CONCLUSIONS

The present work deals with the reduced order modelling of large scale SISO systems. The HOS have been
reduced by stability equation method and the performance is compared with other order reduction methods
already available in the literature. The transient response parameters such as; rise time, settling time, peak and
peak time of both HOS and LOS have been compared. It has been observed that reduced order system obtained
using stability equation is more appreciable as compared to the ROMs already available in the literature for the
same HOS. The step and frequency responses of HOS and LOS have also been compared and it is found that

response of LOS obtained by stability equation is effectively closer to the HOS.
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