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ABSTRACT

The Fractional Fourier Transform (FRFT) belongs to the class of time-frequency representation that has been
extensively used by signal processing community. The most possible application of the FRFT are optical signal
processing, quantum mechanics, optimal filtering. The Offset Fractional Fourier transform is the space shifted
frequency modulated version of original one. Aim of this paper is to present two-dimensional Offset Fractional
Fourier transform in distributional generalize sense. Also operators on the testing function space E and its dual

space £are obtained.
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I. INTRODUCTION

In the present era, different theories of integral transforms have been proposed by the help of integrals with
different kernels, range of integrals, chosen suitably. The most useful significance of integral transforms lies in
the fact that they transform a class of differential equation into class of algebraic equations, so that solutions of
these differential equations can be obtained easily. The distributions are also known as generalized functions
which generalized the idea of classical functions and allow us to extend the concept of derivative not only to all

continuous functions but also to the discontinuous functions in the classical sense [1].

The Fourier Transform is one of the most important mathematical tool in physical optics, optical information
processing, linear system theory, and some different areas of science and technology. The Fractional Fourier is
also a linear transform generalized from the conventional Fourier transform. Many interesting properties of
Fractional Fourier transform are well known in solving problems in quantum physics, optics and non-stationary
signal processing , specially for chirp signal processing and are applied into information encryption and image
processing [3] [4] [8]. Offset Fractional Fourier transform is useful in optics. They are especially useful for

analyzing optical system with prisms or shifted lenses [7].
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In our previous work we have defined the two dimensional Offset Fractional Fourier transform, testing function

space E and as follows

11 Two-Dimensional Offset Fractional Fourier Transform:
Two-Dimensional Offset Fractional Fourier Transform [FL"*" f(t, 271 (s w) of function f (t, x) through an angle

ez iz defined as

["*" 3 fit r:l]::s. u) = f_;,_ ). Fit r:l.f,‘lt. F—ixu— y)dtdx
- I1— CoTa (mpgis) —— r_ Sieiiiyo a1l y= | nn — B— 4 - b
whereg, (. s — n.x.u — ¥l= | g TS gy _[“ L Jooze —21] L 1]
RUNE
1.2 Testing function space E:

- -

An infinitely deferential complex valued smooth function on @(Z"} belongs to E(R™), if for each contact

= 5, 5 Where

= o, Lg =012. ..
Thus E(R"] will denote the space of all ¢ = E{R™} with support contained in 5.1 .
Note that the space E is complete and therefore a Frechet space. Moreover, we say that f is Offset Fractional
Fourier transformable if it is a member of E*, the dual space of E .

In the present work, Two-Dimensional Offset Fractional Fourier transform is extended in distributional
generalized sense. Operators on the Testing function space E and dual space E " as Shifting operator, Differential

operator, Adjoint operator, Adjoint Differential operator,Adjoint Shifting operator.

I1. DISTRIBUTIONAL TWO-DIMENSIONAL OFFSET FRACTIONAL FOURIER
TRANSFORM

The Two-Dimensional Offset Fractional Fourier Transform  [FZ"*" £(t, x1](=. uJof generalization function
f(t.x) through an angle & is defined as, [FL™ fit. )]s u) = (e Kt s—nxu—1v))

wherek, :: s—pxu— ],:I — Ci;'?: (sT+uf) gz |_| Ce—mh et lu—y)o4x® Jeos @ - 2| Lo—n e u—y .'.\._IJ

Cig= | and Cap=

I11. SHIFTING OPERATOR

3.1. If¢{t.=x) € Eand m, nare real numbersthen ¢(t+mx+n}eE t+m=0 x+n =0
where ¢t.x) = K lhs—nxu—y)
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Proof: Consideryg; ; @t +m,x +n) = tx,E ;|Dm g lf+mx+n)
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=i e et rmes—nr -yl
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Therefore fort’, x’,s,u €. andanyfixedlandq, 0 = o=

Thus gt+mxtnle t+m=0 x+nz=

3.2. The Translation (Shifting) Operator
T:glt. x) = @[t +m.x + n)is topological automarphism on E for fix t +m = 0. x +n = 0,

33. Ifg(t.xie Eandm = 0, n= 0then g¢(mt,nx} € E

Proof: The proof is simple and hence omitted.

IV. PROPOSION
If @(nx)eand m =0 n> the scaling operator R:E —defineby R, = where Witx)=g(mtr

is a topological automatism. Combining result (3.2) and (3.3), immediately yields next proposion .

V. PROPOSION
Ifmn r.aesuchthat t+m =0, x+n=and rt=  ax:=then the shifting scaling operator 5:E —

defined by 5(¢) = where rit.x) — ¢[rit + m) alx + :is topological automorphism.

VI. DIFFERENTIAL OPERATOR
The operator  ¢(t.x} — D, .¢() is defined on the space E into itself where ¢(t.x) =K (t.s—n.xu—
Proof: Let D ¢(t=)=¢.()

sup

"r'|.:|q¢:':t-3:| g D{DE l:|3a':t— m.x + n)
Sup I q - i 1
=t xel DD K lEs—nxu—vy)
sup . e irsr+uD) Canll(—n)2 s 12+ fu—y)?+x?) cona —2((z—nlt+ (u—y:
_ 1 - gitemnd Cog[(le-n1+t?+ lu—y) %42 feos o —2{(-nlt+ lu—y2:
txel D™D TCae e
p+1 g+t (I +1) (g + 1! e ] .
. — —— —— — — (jC prarimtarm g imiar W e ppog — (5 — ]t
= C'ZZU—1—2a,l.'\q—1—2e:,l.a.h. = K
e=0 b=t [xcosa — (u — y)]9 1B (pgsa)?+ Pl +o+2 -2+l (s —nxu—v)
<Foranyfixed tx& andanyfixed I 0=<coz

Therefore &, (t.x g
Dixp(tx) €E
Hence proved.
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VII. ADJOINT SHIFTING OPERATOR
The Adjoint shifting operators is a continuous function  to

The operator of (2) is  flt.x} — f(t +m.x + leads to operation transform formula

-

[F; RS, flt—mx— H:I] - :-E,:::[I_r';'—n'i::-s: -2(m .:—i’.‘:‘—.;,:—:.':':'!:'_F:: et Z-'{g-: Cy o008 @lme +nx) Fltx))
Proof: Consider

F;"""E'}'ﬂ:t —m,x —n)={flt—mx—n. K t.s—nxu—7v))

=(flt—mx—n), £y 5T o] [ (o= P07 + (= y) %427 ) cos @ —2( (o= 4 () ;'-.1_IJ}

(£Ftx), €y e+l [(Ce4md=4 Gomnd P+ Crtm) 4 (ump) 34 x4m) ) coz @ —2( Copmdz—md 4 (r ) (g :'_l]}

{ F{t. x}. E,:f:_v[I:_r.“'.I:Z:—t“::'—::l:I.x—:::'_I::s g =2 m{z—n)+nlu—y ',"_I]
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"
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Hence proved.

VIil. ADJOINT DIFFERNTIAL OPERATOR

The adjoint operator  £(t.x} — D, f(tis continuous linear mapping from the dual space into itself
corresponding transform formula is
F;T' 51'.{Dt_.{f'{t. ®1}h = 4c F;n "-‘1"{:t cosa— (5 —nlllxcosa — (u — vIIft. <))

Ty

Proof: F {DL.{ ﬂ:t,}c:}} = (D, fltx) K, (t.s —nxu—7y))
= {fltx. D K.tz —nxu—vyh

P ifst+ud) LiCaa[[(s=m i+ +lu—y)?+x? ) cos @ =2 (s =i+ lu—yx)]
={fltx, _Dtxcnel‘sr uiiel 2 [ 5= u X cosa £ i }._?

= {f(tx) —C, E'u:sr—uﬂ-elcgg[lfﬁs—n:':—:u—',':':: coso Dtelclx[t* cosa—2tls—n)| D_aiC2 o :ns::—:x:u—‘,':':}
VDAL EL o x

flex),  4(Cyq) [tcosa— (s —n)llxcosa— (u—y)] |

.C"_l gilsT+ul) eiE; x[':ﬁs—n?:—t:— :u—',':':—x:_'_- cosa —2((s—nlt+ Zu—~,-}x::
«

={fltx), 4{Chp) [tcosa— (s —miixcosa—(u—y)IE(t.s —n.xou—y))
= 4c {[tcosa— (s —Mxcosa— (u—y)fltx), K,(t.s—nx.u

-, where (C.,)" =¢

= 4c F, " ltcosa— (s — nlllxcos o — (u — y)If(t )}

Hence proved.
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IX. CONCLUSION

In the present work operators on the testing function space E and dual space E “for Two-Dimensional Offset

Fractional Fourier Transform are obtained.
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