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ABSTRACT

A Let G be a (p,q) graph. G is said to admit a cube difference labeling if there exists an injection

f:v (G) - {0,1, 2,..., p—l} such that the edges set of G has assigned a weight defined by the absolute cube

difference of its end-vertices, the resulting weights are distinct. A graph which admits cube difference labeling is
called cube difference graph.In this chapter we investigate the existence of cube difference labeling of some helm and
wheel related graphs, such as switching of rim vertices of wheel, apex vertex in helm, duplication of vertices of wheel
and helm.
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I. INTRODUCTION

All graphs in this paper are simple finite undirected and nontrivial graph G = (V, E) with vertex set V and the edge
set E. For graph theoretic terminology, we refer to Harary [2]. A dynamic survey on graph labeling is regularly
updated by Gallian [3] and it is published by Electronic Journal of Combinatorics. Vast amount of literature is
available on different types of graph labeling and more than 1000 research papers have been published so far in past
three decades. The square difference labeling is previously defined by V. Ajitha, S. Arumugam and K. A. Germina
[1]. The concept of cube difference labeling was first introduced by J. Shiama and it was proved in [7] that many
standard graphs like Pn, Cn, complete graphs, ladder, lattice grids, wheels, comb, star graphs, crown, dragon, coconut
trees and shell graphs are cube difference Labeling. Andalso some references [4]-[6].Some graphs like cycle cactus

graph, special tree and a New Key graph[8] can also be investigated for the cube difference.
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Definition: 1.1: Let G = (V, E) be a graph. A difference labeling of G is an injection f from V to the set of non-
negative integer with weight functionf *on E givenby f * (uv) = |f(u) —f() | for everyuvedge in G.A

graph with a difference labeling defined on it is called a labeled graph.

Definition: 1.2: Let G = (V, E) be a graph .G is said to be cube difference labeling if there exist a bijection

fV(G)—{0,1,2,..p-1}  such  that the  induced  function fr: E(G) —>N given by

() = [F @] =[]

Definition: 1.3: A vertex switching G, of a graph G is the graph obtained by taking a vertex Vof G , removing all

is injective.

the edges to V and adding edges joining V to every other vertex which are not adjacentto vVin G .

Definition: 1.4: A helm, Hn,n > 3is the graph obtained from the wheel Wn by adding a pendant edge at each
vertex on the wheel’s rim.

Definition 1.5: The wheel graph W, is join of the graphs C, and K, . ie. W, = C +K, . Here vertices

corresponding to C, are called rim vertices and C, is called rim of n W while the vertex corresponds to K is called
apex vertex.

Definition 1.6: Duplication of a vertex V, of a graph G produces a new graph Gl by adding a vertex V,'( with
N (Vk) =N (Vk ) In other words a vertex le< is said to be a duplication of V, if all the vertices which are adjacent
to V, are now adjacent to v;( also Duplication of a vertex V, by a new edge € = Vlv(v; in a graph G produces a new

graph G such that N (Vk) = {Vk’V;} and Nv, = {Vk,vl'(}.

Definition 1.7: Duplication of an edge e = uvof a graph G produces a new graph G' by adding an edge ' = u'v ' such
thatN(u ) = N(u) U (v ") -{v} and N(v') = N(v) U (u") -{u}.
Duplication of anedge e = uvby a new vertex w in a graph G produces a new graph G' such that N(w) = {u, v}.

Il. MAIN RESULTS
Theorem: 2.1.  For N > 3, the graph obtained by switching any rim vertex of wheel W, admits a cube difference

labeling.
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Proof:

Let U be a apex vertex and let U, U,,...,U, be rim vertices of W  and Gul be the graph obtained by

switching a rim vertex U, of W, .

rore (G, )

Define a vertex labeling f : E (GU1) - {0,1, 2,..., n} as follows.

= n+1 and ‘E(Gul) = 3n-5.

f(u)=i for 1<i<n

f(u) =0
We have to prove that the induced edge labeling function f*: E (Gul) — N defined by
fr(uv) = ‘f (u)3 —f (V)g‘ forall uv € E(G)is injective.

The edge labelings are

f(uu,,)=i*-(i+1) ‘ for 2<i<n-1
={19,37,...,3n° = 3n +1{

£ () =1 (i +1)] for 2<i<n-—2
={26,63, ,(n—1)3—1}

f (uy) =i° for 2<i<n

Thus all the edge labels are distinct. Hence the graph obtained by switching any rim vertex of wheel graph Wn
admits a cube difference labeling.

Theorem: 2.2.The graph obtained by switching the apex vertex of helm H , admits a cube difference labeling.

Proof:

Let U be aapex vertex and let U;,U,,...,U. be the rim vertices and V,,V,,...,V, be the pendant vertices of
helm H .

Let Gu be the graph obtained by switching the apex vertex of helm H .
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Here |V(Gu) = 2n+1 and |E(Gu) = 3n.
Define a vertex labeling f : E(G,)—{0,1,...,2n} as follows

f(u)=i for 1<i<n

f(v,)=n+i for 1<i<n

f(u)y=0

We have to prove that the induced edge labeling function f*: E (Gu) — N defined by
f* (uv) = ‘f (u)3 —f (V)a‘ forall uv € E(G)is injective.
The edge labelings are

fr(uu,) =

i+l

i3—(i+1)3‘ for 1<i<n-1
- {7,19,...,3n2—3n+1}

f*(uu,) =n’-1

f*(uy) =i° for 1<i<n
= {18,...,n°}
f*(uv)= (n+i)’ for 1<i<n
= {(n+1)",(n+2)",....(2n)"}
£ (uv)= [i*=(n+i)] for1<i<n

- {(n+1)3—1,(n+2)3—23,...,7n3}

Thus all the edge labels are distinct. Hence the graph obtained by switching the apex vertex of helm H  admits a

cube difference labeling.

Theorem: 2.3.The graph G obtained by duplicating all the vertices of the wheel graph. W, , except the apex vertex

admits a cube difference labeling.
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Proof:

Let G be the graph obtained by duplicating all the vertices of wheel graph W._ except the apex vertex. Let

ui,ulz,...u;, be the new vertices of G by duplicating U, U,,...,U, . Then V (G) = {c,ui,ui'/lﬁi < n} and

E(G) = {cu;, cu;/1<i <n} Ufuu;, /1<i < n—l}u{uiu;ﬂ,uiﬂu;/lsi < n—l}
u{ulun,u;un,u'nul}
Define a vertex labeling f :V (G) — {0,1,2...2n} as follows
f(u)=2-2 for 1<i<n
f(c) =2n
fu) = 2i-1 for 1<i<n

We have to prove that the induced edge labeling function f*:E (G) —> N defined by
f(uv) = ‘f (u)S —f (V)S‘ for every uv € E(G) is injective.
The edge labelings are

P (ua) = [(@-2) - (2i)] for 1<i<n-1
= {8, 56,...,24n> —72n+56}
f*(uu,) = (2n-2)’

f*(cu) = ‘(Zn)s—(Zi—Z)s‘ for 1<i<n

= {(2n)",(2n)' - 2°,...(2n)" - (2n-2)’}

f(eu) =|(2n)-(2i-1)] for1<i<n
= {8n°-1°,8n° -3...,12n° —6n +1}

for 1<i<n-1

f(uu, ) = |(2i-2)° ~(2i+1)

+1

= {27,117 ..... 36n° —90n+63}
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f*(unui) = (2n-2) -1
£ (uu) = [(2i-2) (2] for I<i<n-1
= {7,37,..,12n° ~30n +19}
f*(u'nul) = (2n-2)’

Thus all the edge labels are distinct. Hence the graph obtained by duplicating all the vertices of the wheel graph W,

except the apex vertex admits a cube difference labeling.

Theorem: 2.4.  The graph obtained by duplicating all the vertices in the rim of helm H  admits a cube difference
labeling.

Proof:
Let G = H, be the graph with vertex set V (G) = {c,u;,V; /1<i <n} and the edge set
E(G) = {cu;,upv; /1<i<n}u{uyu,, /1<i<n-1}u{uu,}.
Let G be the graph obtained by duplicating all the rim vertices in H o and let the new vertices be Ui, uzun

then the vertex set V (G') = {c,Uy,v;, U /L<i <n} and the edge set

E(G) = {cuy,ou,uivi, vy /L<i < nfUfuu g ur g, A<i<n-1f
o)

Here [V (G')| = 3n-+1end [E(G')| = 7n.

Define a vertex labeling f :V(G')—>{O,1,2...3n} as follows

f(u) =i-1 for 1<i<n
f(v) =n+2i-1 for 1<i<n
f(uil) =n+2i for 1<i<n
f(c) =n

We have to prove that the induced edge labeling function f*: E (G) — N defined by
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f(uv) = ‘f (u)3 —f (V)S‘ for every uv € E(G) is injective.
The edge labelings are

f*(cu) =

n3—(i—1)3‘ for 1<i<n
= {n®,n®-1,..,3n* =3n+1}
£ (uy,) = ‘(i—l)B—(n+2i—1)3‘ for 1<i<n
= {(n+1)3,(n+3)3—1,...,26n3—24n3+6n}
£ (U, )= ‘(i_l)s_ig" for 1<i<n-1
= {17,..,3n" =9n+7}
£ (uu,) = (n—l)3

f*(cu;) =

n3—(n+2i)3‘ for 1<i<n

() = ‘(n+2i—1)3—(n+2i)3‘ for 1<i<n
= {(n+2)'~(n+1)",(n+4)"~(n+3)",...,(3n)" - (3n-1)"}
£ (u;

i+l

= {(n+4)",(n+6)"-1....(3n)' - (n-2)’"}

f*(unu;) = 9n*+9n+9

)= |i-1"~(n+2i+2)] for 1<i<n-1

f*(u u'):‘(n+2i)3—i3 for 1<i<n-1

i+1

= {(n+2)-1,(n+4)' -2,...(3n-2) -n*|
£ (uy,) = (3n)°

Thus the edge labels are distinct. Hence the graph obtained by duplicating all the rim vertices of Helm
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H ., admits a cube difference labeling.

Theorem: 2.5.The graph G obtained by duplicating all the vertices of the helm H , except the apex vertex admits

a cube difference labeling.

Proof:

Let G = H be the graph with vertex set V (G) = {c,u;,V; /1<i <n} and the edge set
E(G) = {cu;,uvi/1<i<nfufuu, /1<i<n-1}U{uu,}.
Let GI be the graph obtained by duplicating all the vertices in the helm Hn , except the apex vertex C.
Let u;,u'z...u,; and Vi,Vlz...V;] be the new vertices of G by duplicating U,,U,...U, and V;,V,...V, then
the vertex set V (G) = {C,ui,vi,ui',vi'/lﬁ i< n} and the edge set
E(G) = {eu, cup, uv, vy, v /1< gn} {u,u,+l,u U Uil A<i<n- 1}
u{unul,unui,u'nul}
Here [V (G')| = 4n+1and |E(G') = 8n.
Define a vertex labeling f :V(G')—>{O,1,2...4n} as follows

c) =n

f

for 1<i<n

—h

u.

f u =n+2i+2 for 1<i<n

(
(W) =
f(v;) =n+i for 1<i<n
f(v) =n+2i+3 for 1<i<n
We have to prove that the induced edge labeling function f*: E (G) — N defined by
fr(uv) = ‘f (u)3 —f (V)S‘ for every UV € E(G) is injective.
The edge labelings are

f'(cu) =|w°=(i-1| for1<i<n
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= {ns, n*-1...,3n>—3n +1}

t(uy,) = ‘(i—]_)s—(n+i)3‘ for 1<i<n
= {(n+2)",(n+2)" -1,..,(2n)’ ~(n-1)’}
£ (W, ) = ‘(i—1)3—i3‘ for 1<i<n-1

- {1,7,...,3n2—9n+7}
f*(unul) = (n—l)3

f*(cui') =

n3—(n+2i+2)3‘ for 1<i<n

f*(uv) = ‘(i—l)a—(n+2i+3)3‘ for 1<i<n

= {(n+5)3 1(n+7)3 _13,_"1(3n+3)3 —(n—1)3}

£ (ut) = [(i-2)' = (n+2i+4)] for 1<i<n-1
= {(n+6)",(n+8)"~2,...(3n+2) ~(n-2)’}

f*(unul) = (n-1)° —(n+4)’

f*(uiﬂui'): i3—(n+2i+2)3‘ for 1<i<n-1

= {(n+4)° -1, (n+6) ~2,... (3n)' ~(n-1)’}
£ (uy,) = (3n+2)
f*(viui') =‘(n+i)3—(n+2i+2)s‘ for1<i<n

= {(n+a)' ~(n+2)",(n+6)' ~(n+2)’,... (31 +2)’ ~(2n)']

Thus the edge labels are distinct. Hence the graph obtained by duplicating all the rim vertices of Helm
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H ., admits a cube difference labeling.

I11. Conclusion

It is very exciting to investigate on graph families which are cube difference graphs. Those results are seems easy but
it is a big challenge and good experience for us to investigate and prove. Here we have analyzed and proved in details
about some results on cube difference graphs such as helm and wheel related graphs such as switching of wheel and
helm, duplication of helm and except apex vertex of helm graph are cube difference.
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